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Abstract
In this paper, we prove a relative index theorem for incomplete manifolds
(e.g. the interior of a compact manifold with corners, the regular part of a
compact singular manifold, or their Galois covering spaces). We apply this rel-
ative index theorem to prove several conjectures of Gromov on positive scalar
curvature. In particular, we prove Gromov’s n−m conjecture on the bound of
distances between opposite faces of spin manifolds with cube-like boundaries.
As immediate consequences, this implies Gromov’s conjecture on the bound of
widths of Riemannian cubes and Gromov’s conjecture on the bound of widths of
Riemannian bands. Other geometric applications of our relative index theorem
include the following: a rigidity theorem for (possibly incomplete) Riemannian
metrics on spheres with certain types of subsets removed (the class of subsets
that are allowed is rather general, which in particular includes finite subsets);
and a positive solution to the long neck problem for distance-contracting maps
to spheres. These give positive answers to the corresponding open questions
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1 Introduction
The purpose of this paper is to develop a relative index theory for certain invertible
elliptic operators on possibly incomplete manifolds (e.g. the interior of a compact
manifold with corners, the regular part of a compact singular manifold, or their
Galois covering spaces). As applications, we use it to prove several conjectures and
open questions of Gromov concerning positive scalar curvature metrics [15].
In Riemannian geometry, there are three notions of curvature: sectional curva-
ture, Ricci curvature and scalar curvature. The scalar curvature is the weakest of the
three. For a given Riemannian metric, its scalar curvature is a real-valued smooth
function on the underlying manifold. One naturally asks whether any smooth func-
tion on a given manifold X can be realized as the scalar curvature of some Rie-
mannian metric on X. Kazdan and Warner showed that for a closed manifold X of
dimension ≥ 3, each smooth function κ ∈ C∞(X) that is negative somewhere can
be realized as the scalar curvature of some Riemannian metric on X [22, theorem
1.1]. They also proved that if X admits a metric of scalar curvature κ ≥ 0, then it
admits a metric of scalar curvature identically zero [22, theorem 1.2]. Furthermore,
they showed that if X admits a metric of scalar curvature κ ≥ 0 and is positive
somewhere, then every smooth function can be realized as the scalar curvature of
some Riemannian metric on X [21]. Therefore, for a given closed manifold of di-
mension ≥ 3, the above question is reduced to whether X admits a Riemannian
metric of positive scalar curvature. There are mainly two types of obstructions for
the existence of positive scalar curvature on closed manifolds: one comes from the
minimal surface method of Schoen and Yau [31], and the other comes from the Dirac
operator method for spin manifolds1 by using the Lichnerowicz formula [25].
One can also study the existence of positive scalar curvature on more general
manifolds other than closed manifolds, such as open manifolds, manifolds with cor-
ners, and more generally manifolds with singularities. In contrast to the closed mani-
fold case, there is actually no obstruction to the existence of positive scalar curvature
on open manifolds or manifolds with corners. Indeed, Kazdan and Warner showed
1more generally, manifolds whose universal covering spaces are spin
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that if X is an open manifold, then every smooth function on X is the scalar curva-
ture of some Riemannian metric on X [22, theorem 1.4]. In fact, Gromov proved a
much stronger result that any open manifold admits a Riemannian metric of positive
sectional curvature [12, theorem 4.5.1]. However, if we impose certain quantitative
bounds on the lower bound of positive scalar curvature and the geometric size2 of a
given Riemannian metric on an open manifold, then the previous obstructions from
the minimal surface method and the Dirac operator method persist. In recent years,
Gromov proposed a long list of conjectures and open questions concerning positive
scalar curvature on manifolds with corners or open manifolds [14, 15]. In this paper,
we shall develop a new relative index theory for incomplete manifolds to solve some
of these conjectures and open questions of Gromov. For example, we answer the
following conjecture of Gromov in the spin case for all dimensions.3
Conjecture 1 (Gromov’s n−m conjecture, [15, section 5.3]). Let (X, g) be an n-
dimensional compact connected orientable manifold with boundary and X• a closed
orientable manifold of dimension n−m. Suppose
f : X → [−1, 1]m ×X•
is a continuous map, which sends the boundary of X to the boundary of [−1, 1]m×X•
and which has non-zero degree. Let ∂j±, j = 1, . . . ,m, be the pullbacks of the pairs of
the opposite faces of the cube [−1, 1]m under the composition of f with the projection
[−1, 1]m × X• → [−1, 1]m. Assume that for any m hypersurfaces Yj ⊂ X that
separate ∂j− from ∂j+ with 1 ≤ j ≤ m, their transversal intersection Y⋔ ⊂ X
does not admit a metric with positive scalar curvature; furthermore, the products
Y⋔ × T k of Y⋔ and k-dimensional tori do not admit metrics with positive scalar



















Here if (X, g) is a manifold with Riemannian metric g, then Sc(g) stands for the
scalar curvature of g. Sometimes, we also write Sc(X) for the scalar curvature of g
if it is clear from the context which metric we are referring to. The conditions in
2Here “geometric size” refers to the band width of a Riemannian band, distances between op-
posite faces of a Riemannian cube, and so on, which will be made precise later.
3In the case where the dimension n ≤ 8, Gromov has a proof for the n−m conjecture by using
the minimal surface method, cf. [15, section 5.3].
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Conjecture 1 may appear technical at the first glance. The following special case
probably makes it clearer what kind of geometric problems we are dealing with here.
Conjecture 2 (Gromov’s n-inequality conjecture, [15, section 3.8]). Let g be a









where dj = dist(∂j− , ∂j+) is the g-distance between the pair of opposite faces ∂j− and
∂j+ of the cube. Consequently, we have
min
1≤j≤n
dist(∂j− , ∂j+) ≤
2π√
n
So far all existing applications of the Dirac operator method to positive scalar
curvature problems seem to rely on the completeness of the underlying Riemannian
metric or the essential self-adjointness of the Dirac operator in some way. A key point
of the current paper is a new relative index theorem that directly applies to invertible
symmetric (but not essentially self-adjoint) elliptic operators on possibly incomplete
Riemannian manifolds, e.g. Dirac operators on incomplete spin manifolds with
positive scalar curvature. A classical theorem4 in functional analysis states that
every invertible symmetric operator on a Hilbert space admits invertible self-adjoint
extensions, cf. [33, Theorem 5.32]. However, the resolvents of such self-adjoint
extensions generally are not locally compact. As a result, the usual approach to
index theory cannot be directly applied to such extensions. A key new ingredient
of this paper is to construct appropriate self-adjoint or more generally quasi self-
adjoint extensions5 of symmetric operators on an appropriate Hilbert space6 so that
these extensions satisfy the following two properties:
(a) their resolvents are locally compact,
(b) and their associated wave operators have finite propagation.
This allows us to prove the following relative index theorem for operators on possibly
incomplete manifolds.
Theorem A (cf. Theorem 4.1). Let Z be a closed n-dimensional Riemannian
manifold and S a Euclidean Cℓn-bundle over Z. Suppose D1 and D2 are first-order
symmetric elliptic Cℓn-linear differential operators acting on S over Z. Let Z̃ be a
Galois Γ-covering space of Z and D̃j the lift of Dj, j = 1, 2. Let X be a subset of
Z and X̃ the preimage of X under the covering map Z̃ → Z. Assume that
4We will review this theorem in Section 3 for the convenience of the reader.
5An (unbounded) operatorD is called quasi self-adjoint if there exist an (unbounded) self-adjoint
operator S and an invertible bounded operator A such that D = A−1SA.
6e.g. Sobolev spaces H10 instead of the usual L
2-spaces, cf. Definition 3.3
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(1) the restriction D̃Xj of D̃j on X̃ is invertible in the following sense: there exists
λ > 0 such that
‖D̃jf‖ ≥ λ‖f‖
for all f ∈ C∞c (X̃
o
, S̃) and j = 1, 2, where X̃o is the interior of X̃ in Z̃;
(2) and D1 = D2 on an open neighborhood of the closure Z\X of Z\X.
Then we have




Note that although the equality
IndΓ,max(D̃1)− IndΓ,max(D̃2) = 0
is purely a relative index result on (the covering space of) a closed manifold, the pas-




—an incomplete Riemannian manifold—is
essential. For this reason, we shall view Theorem A as a relative index theorem for
incomplete Riemannian manifolds rather than a relative index theorem for closed
manifolds.
As an application of our relative index theorem, we solve Gromov’s n−m con-
jecture (Conjecture 1) in the spin case for all dimensions. More precisely, we have
the following theorem.
Theorem B (cf. Theorem 5.3). Let X be an n-dimensional compact connected spin
manifold with boundary and X• a closed orientable manifold of dimension (n−m).
Suppose
f : X → [−1, 1]m ×X•
is a continuous map, which sends the boundary of X to the boundary of [−1, 1]m×X•.
Let ∂j±, j = 1, . . . ,m, be the pullbacks of the pairs of the opposite faces of the cube
[−1, 1]m under the composition of f with the projection [−1, 1]m ×X• → [−1, 1]m.
Suppose Y⋔ is an (n−m)-dimensional closed submanifold (without boundary) in X
that satisfies the following conditions:
(1) π1(Y⋔) → π1(X) is injective;
(2) Y⋔ is the transversal intersection
7 of m orientable hypersurfaces Yj ⊂ X that
separates ∂j− from ∂j+;
(3) the higher index IndΓ(DY⋔) ∈ KOn−m(C∗max(Γ;R)) does not vanish, where Γ =
π1(Y⋔) and C
∗
max(Γ;R) is its maximal group C
∗-algebra of Γ with real coeffi-
cients.
7In particular, this implies that the normal bundle of Y⋔ is trivial.
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For spin manifolds, the assumptions on Y⋔ in Theorem B above are (stably)
equivalent to the assumptions in Conjecture 1, provided that the (stable) Gromov-
Lawson-Rosenberg conjecture holds for Γ = π1(Y⋔). See the survey paper of Rosen-
berg and Stolz [30] for more details. The stable Gromov-Lawson-Rosenberg conjec-
ture for Γ follows from the strong Novikov conjecture for Γ, where the latter has
been verified for a large class of groups including all word hyperbolic groups [9],
all groups acting properly and isometrically on simply connected and non-positively
curved manifolds [19], all subgroups of linear groups [16], and all groups that are
coarsely embeddable into Hilbert space [36].
As a special case of Theorem B, we have the following theorem, which solves
Gromov’s n-inequality conjecture (Conjecture 2).










where dj = dist(∂j− , ∂j+) is the g-distance between the pair of opposite faces ∂j− and






Proof. Note that the higher index of the Dirac operator on a single point is a gener-
ator of KO0({e}) = Z, hence does not vanish. If X is the cube In = [0, 1]n endowed
with a Riemannian metric g, then the assumptions of Theorem B are satisfied.
Hence the theorem follows from Theorem B.
Here is another special case of Theorem B. To state the theorem, we shall recall
the notion of proper Riemannian bands, cf. [15, section 3.7]. A manifold X is called
a band if there are two distinguished disjoint nonempty subsets in the boundary
∂X, denoted
∂− = ∂−X ⊂ ∂X and ∂− = ∂−X ⊂ ∂X.
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Riemannian bands are those endowed with Riemannian metrics. A band is called
proper if ∂± are unions of connected components of ∂X and
∂− ∪ ∂+ = ∂X.
In particular, for any closed manifoldM , the manifoldX =M×[0, 1] endowed with a
Riemannian metric together with distinguished boundary components ∂− =M×{0}
and ∂+ =M × {1} is a proper Riemannian band.
Definition 1.1. The width of a Riemannian band X = (X, ∂±) is defined to be
width(X) = dist(∂−, ∂+),
where the distance is the infimum of length of curves in X connecting ∂− and ∂+.
As a special case of Theorem B, we have the following theorem, which solves
Gromov’s 2πn -inequality conjecture in the spin case [15, section 3.7].
Theorem D (cf. Theorem 5.1). Let X be proper compact Riemannian band of
dimension n. Suppose M is a closed hypersurface (codimension-one submanifold
without boundary) in X that satisfies the following conditions:
(1) π1(M) → π1(X) is injective,
(2) and the higher index IndΓ(DM ) ∈ KOn−1(C∗max(Γ;R)) does not vanish, where
Γ = π1(M) and C
∗
max(Γ;R) is its maximal group C
∗-algebra of Γ with real
coefficients.




As a special case, if M is a closed spin manifold of dimension n − 1 such that the
higher index of its Dirac operator does not vanish in KOn−1(C
∗
max(π1M ;R)) and the
manifold M × [0, 1] is endowed with a Riemannian metric whose scalar curvature is
≥ n(n− 1), then
width(M × [0, 1]) ≤ 2π
n
.
We point out that Theorem D has been previously proved by Cecchini [5] and
Zeidler [38, 39] using different methods.
Next we shall apply our relative index theorem to give a positive answer to an
open question of Gromov on the long neck problem for distance-contracting maps to
spheres [15, section 4.6, long neck problem]. Recall that a smooth map ψ : X → Y
between Riemannian manifolds is said to be distance-contracting if
‖ψ∗(v)‖ ≤ ‖v‖ (1.1)
for all tangent vectors v ∈ TX.
7
Theorem E (cf. Theorem 6.19). Let (X, g) be a compact n-dimensional spin man-
ifold with corners equipped with a Riemannian metric g whose scalar curvature is
bounded from below by a constant σ > 0. Let Sn be the standard unit sphere of di-
mension n ≥ 2. Suppose ψ : X → Sn is a distance-contracting map. If the following
conditions are satisfied:
Sc(g) ≥ n(n− 1) on the support supp(dψ) of dψ
and
dist(supp(dψ), ∂X) > 0,
then deg(ψ) = 0, where deg(ψ) is the degree of the map ψ.
Roughly speaking, Theorem E says that if a non-zero degree smooth distance-
contracting map ψ : (X, g) → Sn satisfies the scalar curvature bound given in the
theorem, then ψ cannot have a “neck” at all.
As a consequence of Theorem E, we have the following analogue for distance-
contracting maps of a theorem of Zhang [41, theorem 2.1 & 2.2] .
Theorem F (cf. Theorem 6.21). Let (M,g) be an n-dimensional noncompact com-
plete Riemannian8 spin manifold and Sn the standard unit sphere of dimension
n ≥ 2. Suppose ψ : M → Sn is a distance-contracting smooth map such that ψ is
locally constant near infinity, that is, it is locally constant outside a compact set of
M . If deg(ψ) 6= 0, then
Sc(g)x < n(n− 1) for some point x ∈ supp(dψ).
Now we turn to a rigidity theorem for positive scalar curvature metrics on spheres
with certain subsets removed. Let us introduce the following notion of wrapping
property for subsets of Sn.
Definition 1.2 (Subsets with the wrapping property). A subset Σ of the standard
unit sphere Sn is said to have the wrapping property if for all sufficiently small ε > 0,
the ε-neighborhood Nε(Σ) of Σ is non-separating,
9 and furthermore there exists a
smooth distance-contracting map Φ: Sn → Sn such that
(1) on each path-connected component Ωj of Nε(Σ), the map Φ is equal to the
restriction of some orientation-preserving isometry ϕj ∈ SO(n+ 1),
(2) and10 deg(Φ) 6= 1.
8We emphasis that there is no a priori assumption on the scalar curvature of g in Theorem F.
In particular, Sc(g) could assume negative value somewhere, but the conclusion of the theorem still
holds in this case.
9A subset K of Sn is non-separating if Sn\K is path-connected.
10For example, if Φ is not surjective, then clearly deg(Φ) = 0 6= 1.
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We show that if Σ satisfies the wrapping property, then the space Sn\Σ equipped
with the metric inherited from Sn is rigid in the following sense. This answers
positively an open question of Gromov [14, page 687, specific problem].
Theorem G (cf. Theorem 6.7). Let Σ be a subset with the wrapping property in
the standard unit sphere Sn with n ≥ 2. Let (X, g0) be the standard unit sphere Sn
minus Σ. If a (possibly incomplete) Riemannian metric g on X satisfies that
(1) g ≥ g0
(2) and Sc(g) ≥ n(n− 1) = Sc(g0),
then g = g0.
Here g ≥ g0 means that the (set-theoretic) identity map 1 : (X, g) → (X, g0)
is distance-contracting, cf. line (1.1). Roughly speaking, a subset Σ ⊂ Sn has the
wrapping property if its geometric size is “relatively small”. For example, if Σ is
a subset of the standard unit sphere Sn such that, for all sufficiently small ε > 0,
the ε-neighborhood Nε(Σ) of Σ is non-separating and is contained in a geodesic ball
of radius < π2 , then Σ has the wrapping property (cf. Lemma 6.12). Furthermore,
any finite subset of Sn also satisfies the wrapping property (cf. Proposition 6.16).
As a consequence, we have the following rigidity theorem for spheres with finite
punctures.
Theorem H (Rigidity theorem for punctured spheres, cf. Theorem 6.18). Let
(X, g0) be the standard unit sphere S
n minus finitely many points, where n ≥ 2. If
a (possibly incomplete) Riemannian metric g on X satisfies that g ≥ g0 and
Sc(g) ≥ n(n− 1) = Sc(g0),
then g = g0.
In the special case where Σ = ∅, that is, if X is the standard unit sphere Sn
itself, Theorem H recovers a theorem of Llarul [26, theorem A]. In the case where
the dimension of the sphere is ≤ 8, Gromov proved Theorem H when Σ is either a
single point or a pair of antipodal points, by using the minimal surface method.
It should be possible to relax the condition that Φ is smooth to that Φ is Lipschitz
in Definition 1.2. Then by working with Lipschitz bundles, one can generalize The-
orem G to the case where Σ only needs to satisfy this weaker version of wrapping
property. Such a generalization of Theorem G and other related results will be
discussed elsewhere.
Our proofs for Theorem E and Theorem G can also be used to prove various
strengthenings of Theorem E and Theorem G. For example, we have the following
strengthening of Theorem G.
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Theorem I (cf. Theorem 6.22). Let Σ be a subset with the wrapping property in
the standard unit sphere Sn with n ≥ 2. Let (X, g0) be the standard unit sphere
Sn minus Σ and (M,g) an n-dimensional open Riemannian manifold. Suppose
ψ : (M,g) → (X, g0) is a distance-contracting proper smooth map of nonzero degree.
If the metric g on M satisfies that
(1) Sc(g) ≥ σ everywhere on M for some fixed σ > 0,
(2) and Sc(g) ≥ n(n− 1) on supp(dψ),
then ψ is a Riemannian finite-sheeted covering map.
See also Theorem 6.23 for a strengthening of Theorem E. Further geometric
applications of our relative index theorem will be discussed in a forthcoming paper.
The paper is organized as follows. In Section 2, we review the construction
of some standard geometric C∗-algebras and the construction of higher indices.
In Section 3, we construct (quasi) self-adjoint extensions of invertible symmetric
operators (on possibly incomplete Riemannian manifolds) such that their resolvents
are locally compact and their associated wave operators have finite propagation.
We then use these (quasi) self-adjoint extensions to prove Theorem 4.1—a relative
index theorem for incomplete manifolds—in Section 4. Finally, we apply the relative
index theorem to prove Theorems B–I in Section 5 and Section 6.
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2 Preliminaries
In this section, we review the construction of some standard geometric C∗-algebras
and the construction of higher indices.
Let X be a proper metric space, i.e. every closed ball in X is compact. An
X-module is a Hilbert space H equipped with a ∗-representation ρ : C0(X) → B(H)
of C0(X), where B(H) is the algebra of all bounded linear operators on H. An
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X-module H is called non-degenerate if the ∗-representation of C0(X) is non-
degenerate, that is, ρ(C0(X))H is dense in H. An X-module is called ample if
no nonzero function in C0(X) acts as a compact operator.
Assume that a discrete group Γ acts freely and cocompactly11 onX by isometries
and HX is a non-degenerate ample X-module equipped with a covariant unitary
representation of Γ. If we denote by ρ and π the representations of C0(X) and Γ
respectively, this means
π(γ)(ρ(f)v) = ρ(γ∗f)(π(γ)v),
where f ∈ C0(X), γ ∈ Γ, v ∈ HX and γ∗f(x) = f(γ−1x). In this case, we call
(HX ,Γ, ρ) a covariant system of (X,Γ).
Definition 2.1. Let (HX ,Γ, ρ) be a covariant system of (X,Γ) and T a Γ-equivariant
bounded linear operator acting on HX .
(1) The propagation of T is defined to be the following supremum
sup{dist(x, y) | (x, y) ∈ supp(T )},
where supp(T ) is the complement of points (x, y) ∈ X×X for which there exists
f, g ∈ C0(X) such that gTf = 0 and f(x) 6= 0, g(y) 6= 0;
(2) T is said to be locally compact if fT and Tf are compact for all f ∈ C0(X).
We recall the definition of equivariant Roe algebras.
Definition 2.2. Let X be a locally compact metric space with a free and cocompact
isometric action of Γ. Let (HX ,Γ, ρ) be an covariant system. We define C[X]
Γ to
be the ∗-algebra of Γ-equivariant locally compact finite propagation operators in
B(HX). The equivariant Roe algebra C∗r (X)Γ is defined to be the completion of
C[X]Γ in B(HX) under the operator norm.
There is also a maximal version of equivariant Roe algebras.




‖ϕ(T )‖ : ϕ : C[X]Γ → B(H) is a ∗-representation
}
.
The maximal equivariant Roe algebra C∗max(X)
Γ is defined to be the completion of
C[X]Γ with respect to ‖ · ‖max.
11More generally, with appropriate modifications, all constructions in this section have their
obvious analogues for the case of proper and cocompact actions instead of free and cocompact




Γ ∼= C∗r (Γ)⊗K and C∗max(X)Γ ∼= C∗max(Γ)⊗K,
where C∗r (Γ) (resp. C
∗
max(Γ)) is the reduced (resp. maximal) group C
∗-algebra of Γ
and K is the algebra of compact operators.
Furthermore, there are also real versions of reduced and maximal equivariant
Roe algebras, by using real Hilbert spaces instead of complex Hilbert spaces. We










∼= C∗r (Γ;R)⊗KR and C∗max(X)ΓR ∼= C∗max(Γ;R)⊗KR,
where C∗r (Γ;R) (resp. C
∗
max(Γ;R)) is the reduced (resp. maximal) group C
∗-algebra
of Γ with real coefficients andKR is the algebra of compact operators on a real infinite
dimensional Hilbert space.
Let us review the construction of the higher index of a first-order symmetric
elliptic differential operator on a closed manifold. SupposeM is a closed Riemannian
manifold. Let M̃ be a Galois covering space of M whose deck transformation group
is Γ. Suppose D is a symmetric elliptic differential operator acting on some vector
bundle S over M . In addition, if M is even dimensional, we assume S to be Z/2-
graded and D has odd-degree with respect to this Z/2-grading. Let D̃ be the lift of
D to M̃ .





By the standard theory of elliptic operators on complete manifolds, D̃ is essentially
self-adjoint and F = χ(D̃) obtained by functional calculus satisfies the condition:
F 2 − 1 ∈ C∗r (M̃)Γ ∼= C∗r (Γ)⊗K.
In the even dimensional case, since we assume S to be Z/2-graded and D has
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∈ K0(C∗r (M̃)Γ) ∼= K0(C∗r (Γ)).
Note that if Γ is the trivial group, then the higher index IndΓ(D̃) ∈ K0(K) = Z
is simply the classical Fredholm index Ind(D) of D, where the latter is defined to
be
Ind(D) := dimker(D+)− dim coker(D+).
The construction of higher index in the odd dimensional case is similar.




2 ) ∈ K1(C∗r (M̃ )Γ) ∼= K1(C∗r (Γ)).
The higher index of D̃, as a K-theory class, is independent of the choice of the
normalizing function χ. In particular, if we choose χ to be a normalizing function
whose distributional Fourier transform has compact support, then F = χ(D̃) has
finite propagation and consequently the formula for defining IndΓ(D̃) produces an
element of finite propagation,12 that is, an element in C[M̃ ]Γ, which certainly also
defines a K-theory class in Kn(C
∗
max(Γ)). We define this class to be the maximal
higher index IndΓ,max(D̃) of the operator D̃.
The higher index of an elliptic operator with real coefficients is defined the same
way, and its lies in KOn(C
∗
r (Γ;R)) or KOn(C
∗
max(Γ;R)) when the elliptic operator
is appropriately graded (e.g. Cℓn-graded with respect to the real Clifford algebra
Cℓn). See [24, II. §7].
12In the odd dimensional case, one can approximate exp(2πiχ(D̃)+1
2
) by a finite propagation
element, since the coefficients in the power series expansion for the function e2πit decays very fast
(faster than any exponential decay, to be more precise).
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3 Self-adjoint extensions of invertible operators on in-
complete manifolds
In this section, we construct certain special (quasi) self-adjoint extensions of invert-
ible symmetric elliptic differential operators on possibly incomplete manifolds such
that their resolvents are locally compact and their associated wave operators have
finite propagation.
For simplicity, we shall focus our discussion mainly on operators on (the interior
of) a compact manifold with corners and its Galois covering spaces.13 In Subsec-
tion 3.1, we will discuss sufficient geometric and analytic conditions that allow us
to extend the main results of this section to the case of general manifolds with
singularities.
First let us recall the following theorem on self-adjoint extensions of invertible
symmetric operators on a Hilbert space. As the proof not just the statement of
the theorem will be important for later discussions in the paper, we shall record a
detailed proof as follows. The proof below is taken from [33, Theorem 5.32].
Theorem 3.1 (cf. [33, theorem 5.32]). Let S be a symmetric operator on a (real or
complex ) Hilbert space H and Dom(S) the domain of S. If there exists some λ > 0
such that ‖Sf‖ ≥ λ‖f‖ for all f ∈ Dom(S), then for any k ∈ (0, λ), there exists
a self-adjoint extension Tk of S such that ‖Tkf‖ ≥ k‖f‖ for all f in the domain
Dom(Tk) of Tk.
Proof. The operator S is closable and its closure S also satisfies the same assump-
tion. So without loss of generality, let us assume S is closed. For each k ∈ (0, λ),
we have
‖(S − k)f‖ ≥ ‖Sf‖ − k‖f‖ ≥ (λ− k)‖f‖
for all f ∈ D(S). It follows that the operator S − k has a bounded inverse, that is,
there is a bounded linear operator A : R(S − k) ⊆ H → H such that
A(S − k)f = f
for all f ∈ D(S). HereR(S−k) is the range of S−k. Note that A is a closed operator,
since S is closed. Now by the closed graph theorem, it follows that D(A) = R(S−k)
is a closed subspace in H. From this it follows that
N (S∗ − k) = R(S − k)⊥
and
R(S − k)⊕N (S∗ − k) = H.
13All results and proofs in this section also work for noncompact manifolds with corners that are
equipped with proper and cocompact isometric actions of discrete groups, where the group action
is not necessarily free.
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where S∗ is the adjoint of S and N (S∗ − k) is the kernel of S∗ − k. Note that
N (S∗ − k) ∩ Dom(S) = N (S − k) = 0. Hence the sum Dom(S) + N (S∗ − k) is
a direct sum (but not an orthogonal direct sum in general). We define a linear
operator Tk on H as follows: the domain Tk is
Dom(Tk) = Dom(S) +N (S∗ − k),
and
Tk(f1 + f2) = S(f1) + kf2
for all f1 ∈ Dom(S) and f2 ∈ N (S∗ − k). It is clear that
N (Tk − k) = N (S∗ − k).
The operator Tk is clearly densely defined, since Dom(Tk) ⊇ Dom(S) and
Dom(S) is dense. Furthermore, for f1, g1 ∈ Dom(S) and f2, g2 ∈ N (S∗ − k) =
R(S − k)⊥, we have
〈f1 + f2, (Tk − k)(g1 + g2)〉
= 〈f1 + f2, (S − k)g1〉
= 〈f1, (S − k)g1〉 = 〈(S − k)f1, g1〉
= 〈(S − k)f1, g1 + g2〉
= 〈(Tk − k)(f1 + f2), g1 + g2〉.
It follows that the operator (Tk − k), hence Tk, is a symmetric operator.
By the construction of Tk, we have
R(Tk − k) +N (Tk − k) = R(S − k) +N (S∗ − k) = H.
This implies that the symmetric operator Tk is in fact self-adjoint (cf. [33, theorem
5.19]).
Now we shall finish the proof by checking ‖Tkf‖ ≥ k‖f‖ for all f ∈ Dom(Tk).
Indeed, for all f1 ∈ Dom(S) and f2 ∈ N (S∗ − k) = R(S − k)⊥, we have
‖Tk(f1 + f2)‖2
= 〈S(f1) + kf2, S(f1) + kf2〉
= ‖S(f1)‖2 + k〈f2, S(f1)〉+ k〈S(f1), f2〉+ k2‖f2‖2
= ‖S(f1)‖2 + k〈S∗(f2), f1〉+ k〈f1, S∗(f2)〉+ k2‖f2‖2
≥ λ2‖f1‖2 + k2
(
〈f2, f1〉+ 〈f1, f2〉+ ‖f2‖2
)
≥ k2‖f1 + f2‖2.
This finishes the proof.
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Definition 3.2. Suppose X is a compact Riemannian manifold with corners and
S is a smooth Euclidean vector bundle over X. Let Xo := X − ∂X be the interior
of X and C∞c (X
o,S) the space of compactly supported smooth sections of S over
Xo. We define H0k(X










where ∇ is a connection on S over X and ∇jv := ∇∇ · · ·∇︸ ︷︷ ︸
j times
v is an element in
C∞c (X
o, T ∗Xo ⊗ · · · ⊗ T ∗Xo︸ ︷︷ ︸
j times
⊗S).
From now on, the notation ‖ · ‖k will exclusively refer to the Sobolev norm
above. The notation ‖ ·‖ will be reserved for the usual L2-norm of the Hilbert space
L2(Xo,S).
Now suppose Γ is a finitely generated discrete group. Let X̃ be a Galois Γ-
covering space of X and S̃ the lift of S. Denote the interior of X̃ by X̃o.
Definition 3.3. We define H0k(X̃
o
, S̃) to be the completion of C∞c (X̃
o
, S̃) with










Proposition 3.4. Let X be a compact Riemannian manifold with corners and S
a smooth Euclidean vector bundle over X. Suppose D is a first-order symmetric
elliptic differential operator acting on S over X. Let X̃ be a Galois Γ-covering
space of X and D̃ the lift of D. Suppose there exists λ > 0 such that
‖D̃f‖ ≥ λ‖f‖ (3.3)
for all f ∈ C∞c (X̃
o
, S̃). Then for ∀µ ∈ (0, λ), there exists a self-adjoint extension
D̃µ of D̃ such that the following are satisfied.






, S̃) +N (D̃∗ − µ),
where D̃∗ is the adjoint of D̃ and N (D̃∗ − µ) is the kernel of D̃∗ − µ.
14Here direct sum means algebraic direct sum, which is not an orthogonal direct sum in general.
To emphasis the difference, we shall always use + to denote an algebraic direct sum, and use ⊕ to
denote an orthogonal direct sum.
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(2) ‖D̃µ(f)‖ ≥ µ‖f‖ for all v ∈ Dom(D̃µ).
Proof. The operator D̃ is a symmetric operator on L2(X̃
o
, S̃) with domain C∞c (X̃
o
, S̃).
Let D be the closure of D̃. Then the domain of D is precisely H01 (X̃
o
, S̃). This fol-
lows from G̊arding’s inequality,15 which states that there exists a constant c > 0
such that
‖f‖1 ≤ c(‖f‖+ ‖D̃f‖) (3.4)
for all f ∈ H01 (X̃
o
, S̃). Now for a given µ ∈ (0, λ), it follows from Theorem 3.1 and
its proof that there exists a self-adjoint extension D̃µ of D̃ such that the domain of
D̃µ is given by the direct sum
D(D̃µ) = H01 (X̃
o
, S̃) +N (D̃∗ − µ)
and ‖D̃µ(f)‖ ≥ µ‖f‖ for all f ∈ Dom(D̃µ).
So far, we have been considering self-adjoint extensions of D̃ on the Hilbert
space L2(X̃
o
, S̃). However, due to the existence of boundary ∂X̃ (or equivalently
the incompleteness of the metric on X̃
o
), the usual argument (in terms of energy
estimates) for proving finite propagation of the wave operators eitD̃µ associated to
D̃µ does not quite work. In fact, it is very plausible that e
itD̃µ actually does not
has finite propagation. In order to remedy this defect, we shall consider a new
extension of D̃ as an unbounded operator from H01 (X̃
o
, S̃) to H01 (X̃
o
, S̃). Roughly
speaking, the reason for working on H01 (X̃
o
, S̃) instead of L2(X̃o, S̃) is that elements
of H01 (X̃
o
, S̃) vanish on the boundary ∂X̃ , which allows us to apply the classical
energy estimates to prove the finite propagation speed of the corresponding wave
operators.
Let us be more precise. For any µ ∈ (0, λ), let D̃µ be the self-adjoint extension




, S̃) → L2(X̃o, S̃).
Here is a simple but important observation.
Lemma 3.5. With the same notation as above, D̃µ restricts to a self-adjoint oper-
ator
D̃µ : R(D − µ) → R(D − µ),
with its domain given by P (H01 (X̃
o
, S̃)), where R(D − µ) is the range of D − µ
and P is the orthogonal projection from L2(X̃
o
, S̃) to R(D − µ). In particular, the
operator eitD̃µ preserves the closed subspace R(D − µ).
15Although G̊arding’s inequality is often stated for compact manifolds with boundary or corners,
it is not difficult to see it also holds for Galois covering spaces of a compact manifold with corners.
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Proof. Recall that
R(D − µ) = N (D̃∗ − µ)⊥,
where D is closure of the operator D̃ and D̃∗ is the adjoint of D̃, and N (D̃∗ − µ) is
the kernel of D̃∗ −µ. Furthermore, by the construction of the self-adjoint extension





, S̃) +N (D̃∗ − µ).
Let P be the orthogonal projection from L2(X̃
o
, S̃) to R(D − µ). Then




, S̃))⊕N (D̃∗ − µ).
In particular, we have
〈D̃µv,w〉 = 〈v, D̃µw〉 = 〈v, µw〉 = 0
for all v ∈ P (H01 (X̃
o
, S̃)) ⊂ R(D − µ) and all w ∈ N (D̃∗ − µ). It follows that D̃µ
restricts to a self-adjoint operator
D̃µ : R(D − µ) → R(D − µ)
with its domain given by P (H01 (X̃
o
, S̃)).
〈eitD̃µv,w〉 = 〈v, e−itD̃µw〉 = 〈v, e−itµw〉 = 0.
Consequently, the operator eitD̃µ preserves the closed subspace R(D − µ).
Note that the operator
(D − µ) : H01 (X̃
o
, S̃) → R(D − µ)
is a bounded invertible operator. We denote its inverse by
(D − µ)−1 : R(D − µ) → H01 (X̃
o
, S̃).
Definition 3.6. Define Dµ to be the composition
Dµ := (D − µ)−1 ◦ D̃µ ◦ (D − µ) : H01 (X̃
o
, S̃) → H01 (X̃
o
, S̃).
If the number µ is clear from the context, we shall simply write D instead of Dµ.
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Recall that for any µ ∈ (0, λ), we have
‖(D − µ)(f)‖ ≥ (λ− µ)‖f‖
for all f ∈ H01 (X̃
o
, S̃). It follows from G̊arding’s inequality that the following bilinear
form
〈f1, f2〉D̃,µ := 〈(D − µ)f1, (D − µ)f2〉
with f1, f2 ∈ H01 (X̃
o
, S̃), defines a Hilbert space norm that is equivalent to the norm
‖ · ‖1 given in Definition 3.3.








:= 〈(D − µ)f, (D − µ)f〉
for all f ∈ H01 (X̃
o
, S̃).
The norm ‖ · ‖
D̃,µ
is equivalent to the norm ‖ · ‖1 given in Definition 3.3. If it
is clear from the context which norm we are using, sometimes we will simply write
‖·‖1 in place of ‖·‖D̃,µ. To avoid confusion, the notation ‖·‖ will be reserved for the
usual L2-norm from now on. Note that under the new norm ‖ · ‖D̃,µ, the operator
(D − µ) : H01 (X̃
o
, S̃) → R(D − µ)
becomes a unitary operator. It follows that Dµ is a self-adjoint operator whose
domain is given by







Remark 3.8. Note that for any v ∈ H02 (X̃
o
, S̃), we have
w := (D − µ)v ∈ R(D − µ) ∩H01 (X̃
o
, S̃).
In particular, we have P (D − µ)v = (D − µ)v in this case, hence
v = (D − µ)−1P (w) lies in Dom(Dµ)
for each v ∈ H02 (X̃
o
, S̃). In other words, Dom(Dµ) contains H02 (X̃
o
, S̃). In particu-
lar, if we consider the unbounded symmetric operator









with domain Dom(D̃) = H02 (X̃
o
, S̃), then we can view Dµ as a self-adjoint extension
of this D̃.
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Next we shall prove that Dµ satisfies two key properties: its resolvent is locally
compact and its associated wave operators have finite propagation. Let us first
consider the following lemma.
Lemma 3.9. Let ψ ∈ C1c (X̃). Then multiplication by ψ defines a bounded operator
ψ : H01 (X̃
o
, S̃)‖·‖1 → H01 (X̃
o
, S̃)‖·‖1 .
That is, there exists a constant C > 0 such that
‖ψf‖1 ≤ C‖f‖1
for all f ∈ H01 (X̃
o
, S̃)‖·‖1 . Moreover, the constant C only depends on the supremum
norms |ψ|sup = supx∈X̃ |ψ(x)| and |dψ|sup = supx∈X̃ |dψ(x)|.
Proof. Let c0 = |ψ|2sup and c1 = |dψ|2sup. It follows from the Cauchy-Schwarz in-
equality that
‖ψf‖21 = 〈ψf, ψf〉+ 〈∇(ψf),∇(ψf)〉
= 〈ψf, ψf〉+ 〈ψ∇f, ψ∇f〉+ 〈(dψ)f, (dψ)f〉
+ 〈(dψ)f, ψ∇f〉+ 〈ψ∇f, (dψ)f〉
≤ 〈ψf, ψf〉+ 〈ψ∇f, ψ∇f〉+ 〈(dψ)f, (dψ)f〉
+ 2〈(dψ)f, (dψ)f〉 + 2〈ψ∇f, ψ∇f〉
for all f ∈ H01 (X̃
o
, S̃)‖·‖1 . We conclude that
‖ψf‖21 ≤ (c0 + 3c1)〈f, f〉+ 3c0〈∇f,∇f〉.
The proof is finished by setting C = 3(c0 + c1).
Choose an open cover {Uj}1≤j≤N of X such that the preimage p−1(Uj) of each
Uj is a disjoint union of diffeomorphic copies of Uj, where p is the covering map
p : X̃ → X. Let {ρj}1≤j≤N be a smooth partition of unity subordinate to the open
cover {Uj}1≤j≤N . We lift {ρj}1≤j≤N to a Γ-equivariant smooth partition of unity
of X̃. If we denote a specific lift of ρj by ρ̃j , then the corresponding Γ-equivariant
smooth partition of unity on X̃ will be denoted by {ρ̃j,γ | γ ∈ Γ and 1 ≤ j ≤ N},
where ρ̃j,γ(x) = ρ̃j(γ
−1x). We restrict this partition of unity to X̃
o
and still denote
it by {ρ̃j,γ | γ ∈ Γ, 1 ≤ j ≤ N}.






and define ρ̃γ to be the γ-translation of ρ̃, that is,
ρ̃γ(x) = ρ̃(γ
−1x).
In particular, the family {ργ}γ∈Γ also forms a Γ-equivariant smooth partition of
unity of X̃.
For a given a ∈ R, let us write T = (Dµ + ia)−1. We define
Tγ = ρ̃γ ◦ T ◦ ρ̃. (3.5)





, S̃)‖·‖1 → H01 (X̃
o
, S̃)‖·‖1
is uniformly bounded for all γ ∈ Γ, that is, there exists a constant Cu > 0 such that
‖ρ̃γ‖ ≤ Cu (3.6)
for all γ ∈ Γ.
In the following, we shall fix a length metric l : Γ → R≥0 on Γ. Let F = supp(ρ̃)
be the support of ρ̃ in X̃. Then there exist AΓ > 0 and BΓ > 0 such that
A−1Γ · dist(γF ,F) −BΓ ≤ l(γ) ≤ AΓ · dist(γF ,F) +BΓ (3.7)
for all γ ∈ Γ, where dist(γF ,F) is the distance between two sets γF and F measured
with respect to the given Riemannian metric on X̃ .
Lemma 3.11. Let T = (Dµ + ia)










, S̃)‖·‖1 → H01 (X̃
o
, S̃)‖·‖1 .
Proof. If a = 0, the lemma is trivial. Without loss of generality, let us assume
a > 0, since the case where a < 0 can be treated exactly the same way. The Fourier






f(x)e−iξx dx = −i
√
2πe−aξθ(ξ)
where θ is the unit step function
θ(ξ) =
{
0 if ξ < 0,
1 if ξ ≥ 0.
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In particular, f̂ and all of its derivatives are smooth away from ξ = 0 and decay
exponentially as |ξ| → ∞.
Let ϕ be a smooth function on R with 0 ≤ ϕ(x) ≤ 1 such that ϕ(x) = 1 for all
|x| ≥ 2 and ϕ(x) = 0 for all |x| ≤ 1. For each t > 0, we define ht to be the function
on R whose Fourier transform is
ĥt(ξ) = ϕ(t
−1ξ)f̂(ξ).








for all v ∈ H10 (X̃
o
, S̃)‖·‖1 . Define
Rγ = ρ̃γ ◦R ◦ ρ̃.
We see that there exists a constant C ′ > 0 such that





ρ(t−1ξ)|f̂(ξ)|dξ ≤ C ′e−at
for all γ ∈ Γ, where Cu is the constant from line (3.6). By the finite propagation of
the wave operator eisDµ (cf. Corollary A.3), it follows that
Tγ = Rγ
for all but finitely many γ ∈ Γ. More precisely, we have Tγ = Rγ for all γ with
l(γ) ≥ AΓ · t+BΓ. By varying t, it is not difficult to see that there exists a constant




for all γ ∈ Γ.
Now we are ready to prove the following main theorem of this section.
Theorem 3.12. Let X be a compact Riemannian manifold with corners and S
a smooth Euclidean vector bundle over X. Suppose D is a first-order symmetric
elliptic differential operator acting on S over X. Let X̃ be a Galois Γ-covering
space of X and D̃ the lift of D. Suppose there exists λ > 0 such that
‖D̃f‖ ≥ λ‖f‖
for all f ∈ C∞c (X̃
o
, S̃). Equip H01 (X̃
o
, S̃) with the norm ‖ · ‖1 = ‖ · ‖D̃,µ from





, S̃) → H01 (X̃
o
, S̃)
such that the following are satisfied:
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(1) ‖Dµ(f)‖1 ≥ µ‖f‖1 for all f ∈ Dom(Dµ),
(2) The resolvent (Dµ+ia)
−1 is locally compact in the sense of Definition 2.1. More
precisely, both
(Dµ + ia)
−1 ◦ ψ : H01 (X̃
o




ψ ◦ (Dµ + ia)−1 : H01 (X̃
o
, S̃) → H01 (X̃
o
, S̃)
are compact for16 all ψ ∈ C1c (X̃).




, S̃) and L2 = L2(X̃o, S̃). Let Dµ be
the self-adjoint operator from Definition 3.6, that is,
Dµ = (D − µ)−1 ◦ D̃µ ◦ (D − µ).
Then the operator (Dµ + ia)
−1 is given by the composition
H01
(D−µ)−−−−→ R(D − µ) (D̃µ+ia)
−1
−−−−−−−→ R(D − µ) (D−µ)
−1
−−−−−−→ H01 .
Note that we have
(D̃µ + ia)
−1(D − µ) = (D̃µ + ia)−1(D + ia)− (D̃µ + ia)−1(µ+ ia)
= 1− (µ+ ia)(D̃µ + ia)−1
as bounded operators from H01 (X̃
o
, S̃)‖·‖1 to L2(X̃
o
, S̃). For each function ψ ∈
C1c (X̃), it follows from Rellich’s compactness theorem that both operators
ψ : H01 (X̃
o





−1 ◦ ψ : H01 (X̃
o
, S̃)‖·‖1
ψ−→ L2(X̃o, S̃) (D̃µ+ia)
−1
−−−−−−−→ L2(X̃o, S̃)
are compact. It follows that
(Dµ + ia)
−1 ◦ ψ : H01 (X̃
o
, S̃) → H01 (X̃
o
, S̃)
is compact for all ψ ∈ C1c (X̃), which together with Lemma 3.11 implies that
ψ ◦ (Dµ + ia)−1 : H01 (X̃
o
, S̃) → H01 (X̃
o
, S̃)
is also compact for all ψ ∈ C1c (X̃). This finishes the proof.
16Here ψ is a continuous function on X̃ and the support is calculated in X̃ . The reader shall not
confuse this with compactly supported continous functions on X̃
o
, which is a strictly smaller class
of functions.
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The following is a typical geometric setup to which the results of this section
apply.
Example 3.13. Let X be an n-dimensional compact smooth spin manifold with
corners, which is endowed with a Riemannian metric g whose scalar curvature is
uniformly bounded below by σ > 0. Let S be the associated real Cℓn-Dirac bundle17





where κ = Sc(g) is the scalar curvature of the metric g. Furthermore, by the
Cauchy–Schwarz inequality, we have
〈DXf,DXf〉 ≤ n〈∇f,∇f〉
for all f ∈ C∞c (Xo,S), where Xo = X − ∂X is the interior of X and n = dimX.






f, f〉 ≥ σ
4
〈f, f〉, (3.8)





for all f ∈ C∞c (Xo,S).
Sometimes we need to change the parity of X by suspension, for various reasons.
In order to obtain the optimal constants in all of our geometric applications, we shall




in the inequality from line (3.9). Take the direct product of X with the unit circle
S1, and endow X×S1 with the product Riemannian metric. In particular, the lower
bound of the scalar curvature of X × S1 remains the same as that of X, and the
Cℓn-linear Dirac operator on X × S1 is
D = DX ⊗̂ 1 + 1 ⊗̂ c1
d
dt







17Here Cℓn is the real Clifford algebra of R
n. See [24, II.§7 and III. §10] for more details on














for all f ∈ C∞c (Xo × S1,S). It follows that
n− 1
n





















for all f ∈ C∞c (Xo × S1,S). We emphasis that here n is still the dimension of X,




4(n−1) that appeared in the inequality from line (3.9).
Similarly, the same lower bound also holds for any Galois Γ-covering space X̃ of
X, where Γ is a discrete group. More precisely, let g̃, S̃ and D̃X be the corresponding





for all f ∈ C∞c (X̃
o
, S̃). The same estimate holds for the suspension of X, in which
case we shall consider the (G× Z)-covering space X̃ × S̃1 = X̃ ×R of X × S1.
3.1 Manifolds with singularities
We have so far focused our discussion on the case of Galois covering spaces of
compact manifolds with corners, since that is the most relevant case for the geometric
applications in this paper. In fact, all results in this section can be generalized (with
essentially the same proofs) to a larger class of manifolds with singularities. In this
subsection, we briefly discuss how to generalize the main results of this section to
general manifolds with singularities.
Let Y be an open Riemannian manifold (e.g. the regular part of a Riemannian
manifold with singularities) and S a smooth Euclidean vector bundle over Y . Sup-
pose D is a first-order symmetric elliptic differential operator acting on S over Y .
Let Ỹ be a Galois Γ-covering space of Y and D̃ the lift of D. If the following two
conditions are satisfied:
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(a) (Rellich’s compactness theorem) the inclusion map
H01 (Y,S) → L2(Y,S) is compact
or the inclusion map
H01 (Ỹ , S̃) → L2(Ỹ , S̃) is locally compact
in the case of Galois covering spaces,
(b) (G̊arding’s inequality) there exists a constant C > 0 such that
‖f‖1 ≤ C(‖f‖+ ‖D̃f‖)
for all f ∈ H01 (Ỹ , S̃),
then the same argument from above shows that Proposition 3.4 and Theorem 3.12
also hold for elliptic differential operators D̃ on Ỹ , under the same invertibility
condition (3.3).
Note that the condition (a) above imposes rather mild geometric restrictions on
Y . For example, Rellich’s compactness theorem holds for any bounded open set Ω of
Rn. The condition (b) imposes a slightly more serious restriction on the geometry of
Y . For example, if D is a first-order elliptic differential operator on a bounded open
set Ω of Rn, then for condition (b) to hold, one usually requires D to be defined in
a neighborhood of the closure Ω of Ω.
3.2 From the reduced to the maximal
In this subsection, we generalize the main results of this section from the reduced C∗-
algebra case to the maximal C∗-algebra case, for Dirac operators on manifolds with
corners that are equipped with Riemannian metrics with positive scalar curvature.
More precisely, supposeX is a compact spin manifold with corners equipped with
a Riemannian metric whose scalar curvature is ≥ 4λ2 for some positive constant λ.
Let S be the Cℓn-Clifford bundle over X and D the associated Cℓn-Dirac operator.
Let X̃ be a Galois Γ-covering space of X and D̃ the lift of D. By the Lichnerowicz
formula, we have






In particular, we have
‖D̃(f)‖L2 ≥ λ‖f‖L2
for all f ∈ C∞c (X̃
o
, S̃). For any µ ∈ (0, λ), let








be the self-adjoint extension of D̃ from Theorem 3.12 (cf. Definition 3.6).
Now with the above setup, for any given a ∈ R, the range R(D + ia) of D + ia
is equal to the full space H01 (X̃
o
, S̃). In particular, for each f ∈ C∞c (X̃
o
, S̃), the
element h = (D + ia)−1(f) is an element in Dom(D) such that
(D + ia)(h) = f.
Now we are ready to consider the maximal case. We define L2C∗max(Γ;R) to be
the completion of C∞c (X̃
o





〈f1, γf2〉γ ∈ C∗max(Γ;R)












, S̃) with respect to










〈(D̃ − µ)f1(x), (D̃ − µ)f2(γ−1x)〉 (3.10)
for all f1, f2 ∈ C∞c (X̃
o
, S̃). Let us denote the norm associated to 〈〈, 〉〉1 by ‖ · ‖1,max.
The following lemma is a consequence of Lemma 3.11.
Lemma 3.14. If |a| is sufficiently large, then for every f ∈ C∞c (X̃
o
, S̃), the element
h = (D + ia)−1(f) lies in H01,C∗max(Γ;R)









, S̃) and is
supported on a metric ball of bounded radius.
18Here writing h as a sum
∑
γ∈Γ ρ̃γh is only used as an intermediate step to estimate the maximal
norm of h. We do not claim that each ρ̃γh is also in Dom(D). In fact, multiplication by ρ̃γ generally
does not preserve Dom(D).
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By Lemma 3.11, a straightforward calculation shows that there exists a con-
stant19 Cf > 0 such that
〈h, βh〉1 ≤ Cf · e−|a|·A
−1
Γ ·l(β) · ‖f‖1,
where l(β) is the word length of β and the constant A−1Γ is defined in line (3.7).
Since Γ has at most exponential growth, that is, there exist numbers KΓ > 0 and
C2 such that
#{α ∈ Γ | l(α) ≤ n} ≤ C2eKΓ·n
for all n ∈ N. It follows that
‖h‖21,max = 〈〈h, h〉〉1 =
∑
β∈Γ
〈h, βh〉1 β ∈ C∗max(Γ;R)
as long as |a| is sufficiently large. This finishes the proof.
For each a ∈ R such that |a| is sufficiently large, consider the operator
D̃max,a : H01,C∗max(Γ;R) → H
0
1,C∗max(Γ;R)





, S̃) + (D + ia)−1(C∞c (X̃
o
, S̃))
where (D + ia)−1(C∞c (X̃
o
, S̃)) consists of
{h ∈ H01,C∗max(Γ;R) | h = (D + ia)
−1f for some f ∈ C∞c (X̃
o
, S̃)}.
As an immediate consequence of Lemma 3.14 above, we see that D̃max,a is well-
defined. Moreover, D̃max,a is an unbounded symmetric operator, since D is sym-
metric with respect to the inner product from line (3.10).
Lemma 3.15. For each a ∈ R such that |a| is sufficiently large, the closure Dmax,a
of D̃max,a is regular and self-adjoint.
Proof. By construction, the operator (D̃max,a + ia) has a dense range. By [23,
lemma 9.7 & 9.8], we conclude that the closure Dmax,a of D̃max,a is regular and
self-adjoint.
We have the following analogue of Theorem 3.12 for the maximal case.
19The constant Cf depends on f . More precisely, the constant Cf depends on the diameter of
the support of f .
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Proposition 3.16. Suppose X is a compact spin manifold with corners equipped
with a Riemannian metric whose is positive scalar curvature is ≥ 4λ2 for some
positive constant λ. Let S be the Cℓn-Clifford bundle over X and D the associated
Dirac operator. Let X̃ be a Galois Γ-covering space of X and D̃ the lift of D. Then
there exists a self-adjoint extension Dmax of D̃:
Dmax : H01,C∗max(Γ;R) → H
0
1,C∗max(Γ;R)
such that the following are satisfied:
(1) ‖Dmax(f)‖1,max ≥ λ‖f‖1,max for all f ∈ Dom(Dmax),
(2) The resolvent (Dmax + ib)
−1 is locally compact in the sense of Definition 2.1.
More precisely, both
(Dmax + ia)




ψ ◦ (Dmax + ia)−1 : H01,C∗max(Γ;R) → H
0
1,C∗max(Γ;R)
are compact for all ψ ∈ C1c (X̃).
Proof. Fix a ∈ R such that |a| is sufficiently large. Let Dmax = Dmax,a from Lemma
3.15. Let us first prove part (1), that is,
‖Dmax(f)‖1,max ≥ λ‖f‖1,max
for all f ∈ Dom(Dmax). Since Dmax is the closure of D̃max,a, it suffices to verify the
above inequality for all v ∈ Dom(D̃max,a). For each v ∈ Dom(D̃max,a), there exist
f1, f2 ∈ C∞c (X̃
o
, S̃) such that
v = f1 + (D + ia)
−1f2.
In particular, we have
(Dmax + ia)v = (D̃ + ia)f1 + f2
which implies
Dmax(v) = −iav + (D̃ + ia)f1 + f2
= −iaf1 − ia(D + ia)−1f2 + (D̃ + ia)f1 + f2.
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It follows that Dmax(v) lies in Dom(D̃max,a) for each v ∈ Dom(D̃max,a). Therefore,
we have
‖Dmax(v)‖21,max =〈〈Dmax(v),Dmax(v)〉〉1
=〈〈(D̃ − µ)D̃v, (D̃ − µ)D̃v〉〉L2
=〈〈D̃2(D̃ − µ)v, (D̃ − µ)v〉〉L2
=〈〈∇∗∇(D̃ − µ)v, (D̃ − µ)v〉〉L2 + 〈〈
κ
4
(D̃ − µ)v, (D̃ − µ)v〉〉L2
≥λ2〈〈v, v〉〉1 = λ2‖v‖2max.
This proves part (1).
Now we turn to part (2). It suffices to prove
ψ ◦ (Dmax + ia)−1 : H01,C∗max(Γ;R) → H
0
1,C∗max(Γ;R)
is compact for all ψ ∈ C1c (X̃), since this together with an analogue of Lemma 3.11
will imply
(Dmax + ia)
−1 ◦ ψ : H01,C∗max(Γ;R) → H
0
1,C∗max(Γ;R)
is also compact for all ψ ∈ C1c (X̃). Now to show ψ ◦ (Dmax + ia)−1 is compact, it
suffices to show that for any bounded sequence {fm}m∈N in C∞c (X̃
o
, S̃), the sequence
{ψ ◦ (Dmax + ia)−1(fm)}m∈N




, S̃) is dense in H01,C∗max(Γ;R). By construction, we have
(Dmax + ia)
−1(fm) = (D + ia)
−1(fm).
Let us write hm = (D + ia)
−1(fm). By Theorem 3.12, the operator
ψ ◦ (D + ia)−1 : H01 (X̃
o
, S̃) → H01 (X̃
o
, S̃)
is compact. In particular, it follows that the sequence {ψhm}m∈N has a converging
subsequence in H01 (X̃
o
, S̃). Furthermore, there exists a bounded metric ball B such
that ψhm is supported in B for all m ∈ N. It follows that there exists a constant
CB > 0 such that
‖ψhm‖1,max ≤ CB · ‖ψhm‖1
for all m ∈ N. Therefore, the same subsequence of {ψhm}m∈N also converges in
H01,C∗max(Γ;R). This shows that ψ ◦ (Dmax + ia)
−1 is compact, hence finishes the
proof.
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4 A relative index theorem for incomplete manifolds
In this section, let us state and prove one of our main theorems of the paper—a
relative index theorem for incomplete manifolds.
Theorem 4.1 (Theorem A). Let Z be a closed n-dimensional Riemannian manifold
and S a Euclidean Cℓn-bundle over Z. Suppose D1 and D2 are first-order symmetric
elliptic Cℓn-linear differential operators acting on S over Z. Let Z̃ be a Galois Γ-
covering space of Z and D̃j the lift of Dj, j = 1, 2. Let X be a subset of Z and X̃
the preimage of X under the covering map Z̃ → Z. Assume that
(1) the restriction D̃Xj of D̃j on X̃ is invertible in the following sense: there exists
λ > 0 such that
‖D̃jf‖ ≥ λ‖f‖
for all f ∈ C∞c (X̃
o
, S̃) and j = 1, 2, where X̃o is the interior of X̃;
(2) and D1 = D2 on an open neighborhood of the closure Z\X of Z\X.
Then we have




Note that although the equality
IndΓ,max(D̃1)− IndΓ,max(D̃2) = 0
is purely a relative index result on (the covering space of) a closed manifold, the pas-




—an incomplete Riemannian manifold—is
essential. Roughly speaking, for a fixed µ ∈ (0, λ), let Dj = Dj,µ be the extension





, S̃) → H01 (X̃
o
, S̃)
as given in Definition 3.6. The main part of the proof below is to show that
IndΓ,max(D̃1)− IndΓ,max(D̃2) = IndΓ,max(D1)− IndΓ,max(D2)
in KOn(C
∗
max(Γ;R)). This will prove the theorem, since IndΓ(D1) = 0 = IndΓ(D2)
due to the invertibility of D1 and D2. For this reason, we shall view Theorem 4.1 as
a relative index theorem for incomplete Riemannian manifolds rather than a relative
index theorem for closed manifolds.
In Theorem 4.1, the geometry of the subset X could be quite bad, while the
analysis for extensions of invertible symmetric operators in Section 3 requires the
underlying spaces to be reasonably nice, for example, manifolds with corners. The
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following elementary lemma shows that we can in fact always find another subset
Y of X such that Y is an n-dimensional compact submanifold with corners and all
the assumptions of Theorem 4.1 are still satisfied with respect to Y .
Lemma 4.2. Let us assume the same assumptions and notation from Theorem 4.1.
Then there exists a subspace Y ⊂ Z such that the following conditions are satisfied:
(C1) Y is an n-dimensional
20 compact manifold with corners under the metric in-
herited from Z.
(C2) the restriction D̃
Y
j of D̃j on Ỹ is invertible in the following sense: there exists
λ > 0 such that
‖D̃jf‖ ≥ λ‖f‖
for all f ∈ C∞c (Ỹ
o
, S̃) and j = 1, 2, where Ỹ is the preimage of Y under the
covering map Z̃ → Z and Ỹ o is the interior of Ỹ ;
(C3) and D1 = D2 on an open neighborhood of the closure Z\Y of Z\Y .
Proof. By assumption, D1 = D2 on an open neighborhood, say Nδ(Z\X), of Z\X .
Let U = {Uj} be an open cover of Z\X consisting of geodesically convex balls of
radius ≤ δ2 . Note that Z\X is closed in Z, hence compact. It follows that Z\X
admits a finite open cover V consisting of finitely many members of U . Without loss
of generality, we assume
V ∩ (Z\X) 6= ∅
for each member V of V. Denote by W the union of all members of V. Then the
closure W of W is contained in Nδ(Z\X).
Define Y to be Z\W . By construction,21 Y is an n-dimensional compact man-
ifold with corners under the metric inherited from Z. Hence the condition (C1) is
satisfied. Furthermore, the condition (C2) follows from the fact that Y ⊂ Xo. And
the condition (C3) follows from the fact that Z\Y = W is contained in Nδ(Z\X).
This finishes the proof.
Before we proceed to the proof of Theorem 4.1, we also would like to point out
that the construction of higher indices in Section 2 is carried out in the context
of equivariant Roe algebras. In particular, it uses the notion of X-modules, which
strictly speaking does not apply directly to Sobolev spaces such as H01 (X̃
o
, S̃). We
shall discuss how to define equivariant Roe algebras in terms of Sobolev spaces and
some of their basic properties in Appendix B.
20that is, Y has codimension zero in Z.
21We do not rule out the possibility that Y could be the empty set.
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Proof of Theorem 4.1. Let us prove the theorem for the case where dimZ is even and
S is a Hermitian Cℓn-bundle, mainly for the reason of notational simplicity. Here
Cℓn is the complex Clifford algebra of R
n. The proof for the real Clifford bundle case
is the same. Also, the proof for the odd dimensional case is completely similar.22
In fact, if S is a Hermitian Cℓn-bundles and n is even, it is equivalent to view S as
a Hermitian vector bundle with a Z/2-grading, with respect to which the operators
D1 and D2 have odd degree. Furthermore, we shall make another simplification
by working with the reduced C∗-algebra C∗r (Γ) instead of the maximal C
∗-algebra
C∗max(Γ). Again, the proof for the maximal case is essentially the same, once we
apply the discussion of Section 3.2.
Now let us proceed to the actual proof. In order to avoid ambiguity, let us




2 , and their restrictions on X
by DX1 and D
X
2 for the rest of the proof. By Lemma 4.2, without loss of generality,
we assume X is an n-dimensional compact manifold with corners under the metric
inherited from Z.










Let us view D̃Z1 and D̃
Z
2 as unbounded operators on H1(Z̃, S̃). Since Z is a closed
manifold, Z̃ is a complete Riemannian manifold (without boundary). Hence the
standard theory of elliptic operators applies to Z̃. In particular, G̊arding’s inequality
holds, that is, there exists a constant c > 0 such that
‖f‖1 ≤ c(‖f‖+ ‖D̃Zj (f)‖) (4.1)
for all f ∈ H1(Z̃, S̃) and for both j = 1, 2. It follows that the formula
〈f, h〉
D̃Zj
= 〈f, h〉+ 〈D̃j(f), D̃j(h)〉
defines a Hilbert space inner product on H1(Z̃, S̃) such that its associated norm
‖ · ‖D̃Zj is equivalent to ‖ · ‖1. Note that the operator D̃
Z
j becomes symmetric with
respect to the inner product 〈·, ·〉D̃Zj . Furthermore, again since Z̃ is a complete
Riemannian manifold (without boundary), the operator D̃Zj is an essentially self-




22Alternatively, for many geometric elliptic differential operators such as those appearing in the
geometric applications of this paper (Theorems B–I), the odd dimensional case can be reduced to
the even dimensional case by a suspension argument.
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Now apply the usual higher index construction to D̃Zj (cf. Section 2). For
arbitrary ε > 0, choose a normalizing function23 χ : R → R whose distributional
Fourier transform is supported in [−ε, ε]. Define
F1 = χ(D̃
Z
1 ) and F2 = χ(D̃
Z
2 ).
Let p1 and p2 be the idempotents constructed out of F1 and F2 as in line (2.1).
Then the higher index IndΓ(D̃
Z







It follows that the difference IndΓ(D̃
Z
1 )− IndΓ(D̃Z2 ) ∈ K0(C∗r (Γ)) can be represented
by
[p1]− [p2].










G1 = χ(D1) and G2 = χ(D2).
Let q1 and q2 be the idempotents constructed out of G1 and G2 as in line (2.1). We







It follows that the difference IndΓ(D1)− IndΓ(D2) ∈ K0(C∗r (Γ)) can be represented
by
[q1]− [q2].
Now to finish the proof, we recall the following difference construction of K-
theory classes [20, section 6].
Claim 4.3. We have







1 + p2(p1 − p2)p2 0 p2p1(p1 − p2) 0
0 0 0 0
(p1 − p2)p1p2 0 (1− p2)(p1 − p2)(1− p2) 0
0 0 0 0

 (4.2)






1 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0

 .
Similarly, we also have








p2 0 1− p2 0
1− p2 0 0 p2
0 0 p2 1− p2
0 1 0 0






p2 1− p2 0 0
0 0 0 1
1− p2 0 p2 0
0 p2 1− p2 0

 .
A direct computation shows that




p1 0 0 0
0 1− p2 0 0
0 0 0 0
0 0 0 0

U.
This proves the claim.
By assumption, there exists δ > 0 such that DZ1 = D
Z
2 on the δ-neighborhood
Nδ(Z\X) of Z\X. Now by the finite propagation of wave operators associated to
D̃Zj and Dj (cf. Appendix A, in particular, Corollary A.4), we have
E(p1, p2) = E(q1, q2)
as long as we choose an appropriate normalizing function χ so that the propagations
of pj and qj are sufficiently small. This implies that
IndΓ(D̃
Z




r (Γ)). Consequently, we have
IndΓ(D̃
Z
1 )− IndΓ(D̃Z2 ) = 0,
since IndΓ(D1) = 0 = IndΓ(D2) due to the invertibility of D1 and D2. This finishes
the proof.
Remark 4.4. One of the main difficulties of the theorem comes from the fact that λ
and24 δ could be very small, which is often the case for many geometric applications.
In fact, if the product λ · δ of the two numbers happens to be very large, then
one can actually use the standard methods from the classical higher index theory,
combined with techniques from the quantitative K-theory, to prove the vanishing
of the relative index IndΓ,max(D̃1)− IndΓ,max(D̃2), cf. [17]. However, those classical
methods are inadequate for proving Theorem 4.1 in the case where the number λ · δ
is small.
Remark 4.5. In Theorem 4.1, we have assumed that the operators D1 and D2 act
the same vector bundle S. The proof indeed makes use of this assumption. With
some extra care, we can actually prove a more general version of Theorem 4.1 for
operators which do not necessarily act on the same vector bundle. See Proposition
6.9 and the proof of Theorem 6.19 for more details.
5 Proofs of Theorems B, C and D
In this section, we apply the relative index theorem to prove Theorem B. In order to
make our exposition more transparent, let us first prove the following special case,
which is a special case of Theorem D.
Recall the statement for the following special case of Theorem D.
Theorem 5.1 (A special case of Theorem D). If M is a closed spin manifold of
dimension n− 1 such that the higher index of its Dirac operator does not vanish in
KOn−1(C
∗
max(π1M ;R)) and the manifold M × [0, 1] is endowed with a Riemannian
metric whose scalar curvature is ≥ n(n− 1), then
width(M × [0, 1]) ≤ 2π
n
.
Proof. For simplicity, we shall prove the theorem for the reduced case. More pre-
cisely, let us assume that the higher index of the (complexified) Dirac operator on
24Here δ is the positive number that appears in the notation Nδ(Z\X)—the δ-neighborhood of
Z\X on which D1 and D2 coincide.
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M does not vanish in Kn−1(C
∗
r (Γ)). Again, the proof for the maximal case is essen-
tially the same, once we apply the discussion of Section 3.2. For the real case, see
Remark 5.2.
Let X̃ = M̃ × [0, 1] be the universal cover of X and D̃ the associated Cℓn-linear
Dirac operator on X̃. By the discussion in Example 3.13, since the scalar curvature




for all f ∈ C∞c (X̃
o
, S̃), where S̃ is the associated spinor bundle over X̃ .
We prove the theorem by contradiction. Assume to the contrary that




Denote by ∂+X = M × {1} and ∂−X = M × {0}. Then for any sufficiently small
ε > 0, there exists a real-valued smooth function ϕε on X such that (cf. [11,
proposition 2.1])
(1) ‖dϕε‖ < 1 + ε,
(2) and ϕε(x) ≡ 0 in an ε-neighborhood of ∂−X and ϕε(x) ≡ ℓ in an ε-neighborhood
of ∂+X.
From now on, let us fix a sufficiently small ε > 0 and let ϕ̃ε be the lift of ϕε to X̃ .
In order to keep the notation simple, let us write ϕ = ϕ̃ε. Define the function
u(x) = e2πiϕ(x)/ℓ
on X̃ . We have
‖[D̃, u]‖ = ‖du‖ = 2π
ℓ
‖u · dϕ‖ ≤ (1 + ε)2π
ℓ
.
Similarly, we also have
‖[D̃, u−1]‖ ≤ (1 + ε)2π
ℓ
.
Consider the following Dirac operator on S1 × X̃o:
/D = c · d
dt
+ D̃t (5.1)
where c is the Clifford multiplication of the unit vector d/dt and
D̃t := tD̃ + (1− t)uD̃u−1
37
for each t ∈ [0, 1]. Here we have chosen the parametrization S1 = [0, 1]/{0, 1}.
Let S̃[0,1] be the associated spinor bundle on [0, 1] × X̃
o
and S̃t its restriction on
{t} × X̃o. Each smooth section f ∈ C∞c ([0, 1] × X̃
o
, S̃[0,1]) can be viewed as a
smooth family f(t) ∈ C∞c ({t} × X̃
o
, S̃t). The operator /D acts on the following
subspace of C∞c ([0, 1] × X̃, S̃[0,1]):
{f ∈ C∞c ([0, 1] × X̃
o
, S̃[0,1]) | f(1) = uf(0)}.
From now on, we shall simply write C∞c (S








+D2t + c[D̃, u]u
−1.
By using the identity
D̃uD̃u−1 + uD̃u−1D̃ = [D̃, u][D̃, u−1] + uD̃2u−1 + D̃2,
we have
D̃2t = tD̃
2 + (1− t)uD̃2u−1 + t(1− t)[D̃, u][D̃, u−1]. (5.2)
By assumption, we have D̃2 ≥ n24 on C∞c (S1×X̃
o
, S̃), which implies also uD̃2u−1 ≥ n24
on C∞c (S








− (1 + ε)
2(2π)2
4ℓ2
where the second inequality uses the fact t(1 − t) ≤ 1/4 for all t ∈ [0, 1]. Since we
assumed that ℓ > 2πn , it follows that as long as ε is sufficiently small, there exists a
δ > 0 such that
D̃2t ≥ δ > 0
for all t ∈ [0, 1].
Now for each λ > 0, we define the rescaled version of /D to be










+ λ2D2t + λc[D̃, u]u
−1.
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Since D̃2t ≥ δ > 0, it follows that
/D
2




as long as the scaling factor λ is sufficiently large. Consequently, for a sufficiently
large λ > 0, there exists a constant k0 > 0 such that
‖ /Dλ(f)‖ ≥ k0‖f‖
for all f ∈ C∞c (S1 × X̃
o
, S̃). For brevity, we fix such a scaling factor λ > 0 that is
sufficiently large and write /D instead of /Dλ. In particular, we have
‖ /D(f)‖ ≥ k0‖f‖
for all f ∈ C∞c (S1 × X̃
o
, S̃). If we want to be explicit about the dependence of /D
on the unitary u, we shall write /Du instead of /D.





A similar (in fact simpler) calculation shows that
‖ /Dv(f)‖ ≥ k0‖f‖
for all f ∈ C∞c (S1 × X̃
o
, S̃).
Consider the doubling X =M×S1 of X. Extend25 the Riemannian metric on X
to a Riemannian metricon X. The reader should not confuse the copy of S1 appearing
in X = M × S1 with the copy of S1 appearing in S1 ×Xo = S1 ×M × (0, 1). Note
that the Riemannian metric on X =M × S1 does not have positive scalar curvature
everywhere in general. But X is a closed manifold, so the usual higher index theory
applies. More precisely, since u = e2πiϕ/ℓ equals 1 near ∂X̃, we can extend u to
a unitary u on X̃ := M̃ × S1 by setting it to be 1 in X̃\X̃. Let D̃X be the Dirac
operator on X̃. We define
/D
X
u = c ·
d
dt
+ D̃Xt where D̃
X
t := tD̃
X + (1− t)uD̃Xu−1.
Similarly, let v ≡ 1 be the trivial unitary on X̃ and define
/D
X




25To be precise, we fix a copy of X inside of X and equip it with the Riemannian metric given by
the assumption. Then we choose any Riemannian metric on X that coincides with the Riemannian




u ) = IndΓ(D̃
M ) in Kn−1(C
∗
r (Γ)), where Γ = π1M and D̃
M is the
Dirac operator on M̃ .
This can for example be seen as follows. The higher index IndΓ( /D
X
u ) is in-
dependent of the choice of the Riemannian metric on X, since X = M × S1 is a
closed manifold. Furthermore, if {us}0≤s≤1 is a continuous family of unitaries on
X, then IndΓ( /D
X
u0
) = IndΓ( /D
X
u1
) ∈ Kn−1(C∗r (Γ)). Therefore, without loss of gen-
erality, we assume the Riemannian metric on X = M × S1 is given by a product
metric gM + dx
2 and assume26 the unitary u on X is given by the projection map













S1 +(1− t)e2πiθDS1e−2πiθ and θ is the coordinate for the copy of S1
appearing in X = M × S1. Recall that the index of the operator c ddt +DS
1
t is equal
to the spectral flow of the family {DS1t }0≤t≤1, which has index 1 (cf. [1, Section 7]).
Therefore, it follows that
IndΓ( /D
X




r (Γ)). The same argument also shows that
IndΓ( /D
X






u )− IndΓ( /D
X









v , together with their restrictions




u )− IndΓ( /D
X
v ) = IndΓ( /Du)− IndΓ( /Dv) = 0
in Kn−1(C
∗
r (Γ)), where /Du and /Dv are the extensions of /Du and /Dv as given in
Definition 3.6. We arrive at a contradiction, since IndΓ(D̃
M ) 6= 0 by assumption.
This finishes the proof.
Remark 5.2. Let us discuss how to adjust the proof of Theorem 5.1 for the real
case. Roughly speaking, we replace the imaginary number i =
√






, while viewing I as a matrix acting on a 2-dimensional Z/2-graded
26This can be achieved by a homotopy of unitaries on X.
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real vector space. For example, multiplication by the complex number e2πit on
a 1-dimensional complex vector space is replaced by the operator e2πt·I acting a
2-dimensional Z/2-graded real vector space. More precisely, let us describe such a
modification in terms of Clifford algebras. Let Cℓr,s be the Clifford algebra generated
by {e1, e2, · · · , er+s} subject to the following relations:
ejek + ekej =
{
−2δjk if j ≤ r
+2δjk if j > r.
Just to be clear, our convention for the notation of Clifford algebras is consistent with
that of [24]. In particular, Cℓn := Cℓ0,n stands for the Clifford algebra generated by
by {e1, e2, · · · , en} subject to the following relations:
e2j = −1 and ejek + ejek = 0 for all 1 ≤ j, k ≤ n.
In terms of Clifford algebras, we view I = e1e2 in Cℓ2,0. The operator /D in line
(5.1) now becomes
/D = c · d
dt
+ D̃t,
where c ∈ Cℓ0,1 is the Clifford multiplication of the unit vector d/dt and
D̃t := tD̃ + (1− t)UD̃U−1
with U = e2πtIϕ(x)/ℓ. In particular, the operator /D is a Cℓ2,n+1-linear Dirac-type
operator and its higher index lies in KOn−1(C
∗
max(Γ;R)). The same remark applies
to other similar operators that appeared in the proof of Theorem 5.1. With these
modifications, the proof for the real case now proceeds in the same way as the
complex case.
Now we are ready to prove Theorem B. Let us recall the following notation.
Suppose X is an n-dimensional compact connected spin manifold with boundary
and X• is a closed orientable manifold of dimension n−m. Let
f : X → [−1, 1]m ×X•
be a continuous map, which sends the boundary ofX to the boundary of [−1, 1]m ×X•.
Let ∂i±, i = 1, . . . ,m, be the pullbacks of the pairs of the opposite faces of the cube
[−1, 1]m under the composition of f with the projection [−1, 1]m ×X• → [−1, 1]m.
Theorem 5.3 (Theorem B). Let X be an n-dimensional compact connected spin
manifold with boundary and X• a closed orientable manifold of dimension (n−m).
Let
f : X → [−1, 1]m ×X•
be a continuous map, which sends the boundary of X to the boundary of [−1, 1]m ×X•.
Suppose Y⋔ is an (n−m)-dimensional closed submanifold (without boundary) in X
that satisfies the following conditions:
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(1) ι : π1(Y⋔) → π1(X) is injective, where ι is the canonical morphism on π1 induced
by the inclusion Y⋔ →֒ π1(X);
(2) Y⋔ is the transversal intersection of m orientable hypersurfaces Yj ⊂ X, 1 ≤
j ≤ m, such that each Yj separates ∂j− from ∂j+;
(3) the higher index IndΓ(DY⋔) ∈ KOn−m(C∗max(Γ;R)) does not vanish, where Γ =
π1(Y⋔).



















Proof. For simplicity, we shall prove the theorem for the complex case, that is,
complexified Dirac operators instead of Cℓn-linear Dirac operators. For the real
case, see Remark 5.2. Same as before, we prove the theorem by contradiction. Let









We first show that the general case where ι : π1(Y⋔) → π1(X) is injective can
be reduced to the case where ι : π1(Y⋔) → π1(X) is split injective.27 Let Xu be the
universal cover of X. Since by assumption ι : π1(Y⋔) → π1(X) is injective, we can
view Γ = π1(Y⋔) as a subgroup of π1(X). Let XΓ = Xu/Γ be the covering space of
X corresponding to the subgroup Γ ⊂ π1(X). Then the inverse image of Y⋔ under
the projection p : XΓ → X is a disjoint union of covering spaces of Y⋔, at least one
of which is a diffeomorphic copy of Y⋔. Fix such a copy of Y⋔ in XΓ and denote it
by Ŷ⋔. Roughly speaking, the space XΓ equipped with the lifted Riemannian metric
from X could serve as a replacement of the original space X, except that XΓ is
not compact in general. To remedy this, we shall choose a “fundamental domain”
around Ŷ⋔ in XΓ as follows.
By assumption, Y⋔ ⊂ X is the transversal intersection of m orientable hypersur-
faces Yj ⊂ X. Let rj be the distance function28 from ∂j−, that is rj(x) = dist(x, ∂j−).
27We say ι : π1(Y⋔) → π1(X) is split injective if there exists a group homomorphism ̟ : π1(X) →
π1(Y⋔) such that ̟ ◦ ι = 1, where 1 is the identity morphism of π1(Y⋔).
28To be precise, let rj be a smooth approximation of the distance function from ∂j−.
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Without loss of generality, we can assume Yj = r
−1
j (aj) for some regular value
aj ∈ [0, ℓj ]. Let Y Γj = p−1(Yj) be the inverse image of Yj in XΓ. Denote by rj the
lift of rj from X to XΓ. Let ∇rj be the gradient vector field associated to rj. A
point x ∈ XΓ said to be permissible if there exist a number s ≥ 0 and a piecewise
smooth curve c : [0, s] → XΓ satisfying the following conditions:
(i) c(0) ∈ Ŷ⋔ and c(s) = x;
(ii) there is a subdivision of [0, s] into finitely many subintervals {[tk, tk+1]} such
that, on each subinterval [tk, tk+1], the curve c is either an integral curve or a
reversed integral curve29 of the gradient vector field ∇rik for some 1 ≤ ik ≤ m,
where we require ik’s to be all distinct from each other;
(iii) furthermore, when c is an integral curve of the gradient vector field ∇rik on
the subinterval [tk, tk+1], we require the length of c|[tk ,tk+1] to be less than or
equal to (ℓik − aik − ε4); and when c is a reversed integral curve of the gradient
vector field ∇rik on the subinterval [tk, tk+1], we require the length of c|[tk ,tk+1]
to be less than or equal to (aik − ε4 ).
Let T be the set of all permissible points. Now T may not be a manifold with
corners. To fix this, we choose an open cover U = {Uα}α∈Λ of T by geodesically
convex metric balls of sufficiently small radius δ > 0. Now take the union of members
of U = {Uα}α∈Λ that do not intersect the boundary ∂T of T , and denote by Z the
closure of the resulting subset. Then Z is a manifold with corners which, together
with the subspace Ŷ⋔ ⊂ Z, satisfies all the conditions of the theorem, provided that ε
and δ are chosen to be sufficiently small. In particular, the intersection Y Γj ∩Z of each
hypersurface Y Γj with Z gives a hypersurface of Z. The transerval intersection of the




) → π1(XΓ) = Γ factors as the composition π1(Y Γ⋔ ) → π1(Z) → π1(XΓ),
where the morphisms π1(Y
Γ
⋔
) → π1(Z) and π1(Z) → π1(XΓ) are induced by the
obvious inclusions of spaces. It follows that π1(Y
Γ
⋔
) → π1(Z) is a split injection.
Therefore, without loss of generality, it suffices to prove the theorem under the
additional assumption that ι : π1(Y⋔) → π1(X) is a split injection.
From now on, let us assume ι : Γ = π1(Y⋔) → π1(X) is a split injection with a
splitting morphism ̟ : π1(X) → π1(Y⋔) = Γ. Let X̃ be the Galois Γ-covering space
determined by ̟ : π1(X) → Γ. In particular, the restriction of the covering map
X̃ → X on Y⋔ gives the universal covering space of Y⋔. For any sufficiently small
ε > 0 and for each 1 ≤ j ≤ m, there exists a real-valued smooth function ϕj on X
such that (cf. [11, proposition 2.1])
29By definition, an integral curve of a vector field is a curve whose tangent vector coincides with
the given vector field at every point of the curve. A reversed integral curve is an integral curve with
the reversed parametrization, that is, the tangent vector field of a reserved integral curve coincides
with the negative of the given vector field at every point of the curve.
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(1) ‖dϕj‖ < 1 + ε,
(2) and ϕj(x) = 0 in an ε-neighborhood of ∂j− and ϕj(x) = (ℓj − ε) in an ε-
neighborhood of ∂j+.
Let us fix a sufficiently small ε > 0 and let ϕ̃j be the lift of ϕj to X̃ . In order to
keep the notation simple, let us write ϕj = ϕ̃j . Define the function
uj(x) = e
2πiϕj(x)/(ℓj−ε)
on X̃ . We have
‖[D̃, uj ]‖ = ‖duj‖ =
2π
ℓj − ε








Let Tm = S1×· · ·×S1 be them-dimensional torus. Consider the following differential








where cj is the Clifford multiplication of the unit vector
∂
∂tj
and D̃t1,t2,··· ,tm is in-
ductively defined as follows. We define
D̃t1 = t1D̃ + (1− t1)u1D̃u−11
and
D̃t1,t2,··· ,tk := tk(D̃t1,··· ,tk−1) + +(1− tk)uk(D̃t1,··· ,tk−1)u−1k
for (t1, · · · , tm) ∈ [0, 1]m. Here we have chosen the parametrization S1 = [0, 1]/{0, 1}.
By the assumption Sc(X) ≥ n(n− 1), we have
D̃2 ≥ n ·minx∈X Sc(X̃)




By the calculation in the proof of Theorem 5.1, we have
D̃2t1 = t1D̃










[D̃t1 , u2] = t1[D̃, u2] + (1− t1)u1[D̃, u2]u−11 ,
which implies that
‖[D̃t1 , u2]‖ ≤ ‖[D̃, u2]‖ ≤
2π(1 + ε)
ℓ2 − ε










for each 1 ≤ k ≤ m. By applying the same rescaling argument as in line (5.3), we
conclude that (after an appropriate rescaling)
/D
2











≥ δ > 0













for all f ∈ C∞c (X̃
o
, S̃).







+ D̃t1,··· ,t̂j ,··· ,tm
where D̃t1,··· ,t̂j ,··· ,tm is defined the same way as D̃t1,··· ,tj ,··· ,tm except that uj is re-
placed by the trivial unitary v ≡ 1. More generally, for each subset Λ ⊆ {1, 2, · · · ,m},








where D̃Λ is defined the same way as D̃t1,··· ,tj ,··· ,tm except that uk is replaced by the
trivial unitary v ≡ 1 for every k ∈ Λ.
Now we consider the doubling X of X and fix a Riemannian metric on X that
extends the metric of one copy of X. Of course, this metric on X generally does not
satisfy Sc(X) ≥ n(n− 1). Let X̃ be the corresponding Galois covering of X.
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We extend each unitary uj to be a unitary uj on X̃ as follows. Recall that
uj(x) = e
2πiϕj(x)/(ℓj−ε) on X.
Let Xj be the “partial” doubling of X obtained by identifying the corresponding
faces ∂k± of the two copies of X for all 1 ≤ k ≤ m except the faces ∂j±. Choose a
copy of X in Xj and choose a Riemannian metric on Xj that extends the metric on
that copy of X. The space Xj is a manifold with corners, whose boundary consists of
∂+(Xj) and ∂−(Xj). Extend the function ϕj on the chosen copy of X to a real-valued
smooth function ϕ̌j on Xj such that ϕ̌j(x) = 0 in an ε-neighborhood of ∂−(Xj) in
X and ϕ̌j(x) = (ℓj − ε) in an ε-neighborhood of ∂+(Xj).30 We define the unitary
ǔj(x) = e
2πiϕ̌j(x)/(ℓj−ε) on Xj .
By construction, the unitary ǔj = 1 near the boundary of Xj , hence actually defines
a unitary on X, which will still be denoted by ǔj. Let us denote the lift of ǔj to X̃
by uj(x). Then uj is a unitary on X̃ whose restriction on X̃ is uj .










where cj is the Clifford multiplication of the unit vector
∂
∂tj
and D̃Xt1,t2,··· ,tm is in-
ductively defined as follows:
D̃Xt1 = t1D̃
X + (1− t1)u1D̃Xu−11
and
D̃Xt1,t2,··· ,tk := tk(D̃
X
t1,··· ,tk−1
) + +(1− tk)uk(D̃Xt1,··· ,tk−1)u
−1
k











where D̃XΛ is defined the same way as D̃
X
t1,··· ,tj ,··· ,tm except that uk is replaced by the
trivial unitary v ≡ 1 for every k ∈ Λ.
By iterating the proof of Theorem 4.1, we have
∑
Λ⊆{1,2,··· ,m}
(−1)|Λ| · IndΓ( /DΛ) =
∑
Λ⊆{1,2,··· ,m}
(−1)|Λ| · IndΓ( /DXΛ) (5.4)
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IndΓ( /D{1,2}) −IndΓ( /D{2})
−IndΓ( /D{1}) IndΓ( /D∅)
Figure 1: An illustration of the indices in the m = 2 case where the horizontal (red)
lines represent the unitary u1 and the vertical (blue) lines represent the unitary u2
in KOn−m(C
∗
max(Γ)), where |Λ| is the cardinality of the set Λ. See Figure 1 for an
illustration of the equality (5.4) in the case where m = 2.
Let us compute the index of the right hand side of the equality (5.4). Since X
is a closed manifold, the right hand side of (5.4) does not change if we deform the
unitaries uj through a continuous family of unitaries. In particular, we can deform
the unitaries uj through a continuous family of unitaries so that each uj becomes
trivial (that is, equal to 1) outside a small neighborhood of the hypersurface Yj in
X, where Yj is the doubling of Yj. Now we identify a small tubular neighborhood of
Y⋔ in X with an open set in Y⋔×Tm. By the usual relative higher index theorem for
closed manifolds (cf. [4][35]) or alternatively the proof of Theorem 4.1, we can reduce
the computation to the corresponding operators on the closed manifold Y⋔ × Tm.
Hence it remains to compute the index
∑
Λ⊆{1,2,··· ,m}






Λ is the obvious analogue of /D
X
Λ. Now to simplify the computation
even further, we deform the metric on Y⋔ × Tm to a product metric. In this case,
30We no longer require ‖dϕ̌j‖ < 1+ ε on Xj , where the norm ‖dϕ̌j‖ is taken with respect to the
Riemannian metric on Xj . In fact, for ϕ̌j to satisfy condition (a), it is generally not possible to















⊗̂ 1 + 1 ⊗̂DY⋔
on the space Tm × Y⋔ × Tm, where without loss of generality we can assume uj to
be the smooth function obtained by projecting to the j-component of Tm:






















Λ ) = 0
whenever Λ is a proper subset of {1, 2, · · · ,m}. To summarize, we have
∑
Λ⊆{1,2,··· ,m}
(−1)|Λ| · IndΓ( /DXΛ) = IndΓ(DY⋔).
On the other hand, by construction, /DΛ is invertible for every subset Λ ⊆ {1, 2, · · · ,m}.
Therefore ∑
Λ⊆{1,2,··· ,m}
(−1)|Λ| · IndΓ( /DΛ) = 0.




(−1)|Λ| · IndΓ( /DΛ) =
∑
Λ⊆{1,2,··· ,m}
(−1)|Λ| · IndΓ( /DXΛ) = IndΓ(DY⋔).
which contradicts the assumption that IndΓ(D
Y⋔) 6= 0. This finishes the proof.
6 Proofs of Theorems E, F, G, H and I
In this section, we prove Theorems E, F, G, H and I. Let us first prove the following
useful proposition.
Proposition 6.1. Let X be a connected n-dimensional compact spin manifold with
corners, equipped with a Riemannian metric g. Let S be the associated Cℓn-Dirac
bundle and D the associated Cℓn-linear Dirac operator. If Sc(g) ≥ 0 on X and
Sc(g)(x) > 0 for some point x ∈ Xo, then there exists c > 0 such that
‖Dv‖ ≥ c‖v‖
for all v ∈ H01 (Xo,S), where D is the closure of the operator D.
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For the proof of the above proposition, we shall need the following notion of sets
with the segment property.
Definition 6.2. A bounded open set Ω of Rn is said to have the segment property if
there is an open covering U0, U1, . . . , UN of the closure Ω of Ω such that the following
are satisfied:
1. U0 ⊂ Ω;
2. Uj ∩ ∂Ω 6= ∅ for all j ≥ 1;
3. for each j ≥ 1, there is a vector vj ∈ Rn such that x+δvj /∈ Ω for all x ∈ Uj\Ω
and 0 < δ ≤ 1.
In this case, we also say the closure Ω of Ω has the segment property.
The definition of sets with the segment property has an obvious analogue in the
manifold setting.
Example 6.3. Here are some examples of spaces with the segment property.
(a) Every bounded open set with a C1 boundary in Rn has the segment property.
(b) The unit cube In = [0, 1]n ⊂ Rn has the segment property.
(c) Every compact Riemannian manifold with corners has the segment property.
Now let us prove Proposition 6.1.
Proof of Proposition 6.1. We prove the proposition by contradiction. Suppose to
the contrary there exists a sequence of elements {vj}j∈N in H01 (Xo,S) such that31





By G̊arding’s inequality, there exists c′ > 0 such that
‖vj‖1 ≤ c′(‖vj‖+ ‖Dvj‖)
for all j ∈ N. It follows that {vj}j∈N is a bounded sequence in H01 (Xo,S)‖·‖1 .
This implies that {vj}j∈N has a convergent subsequence {vj}j∈N in L2(X,S), since
the inclusion map H01 (X
o,S) → L2(X,S) is compact. By passing to this convergent
subsequence, we can assume without loss of generality that {vj}j∈N converges to v in
L2(X,S). In particular, this implies that ‖v‖ = limj→∞ ‖vj‖ = 1. To summarize, we
31Throughout the proof, the notation ‖·‖ stands for the usual L2-norm and shall not be confused
with the Sobolev norm ‖ · ‖1.
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have vj → v and Dvj → 0 in L2(X,S). Since D is closed, we see that v ∈ H01 (Xo,S)
and Dv = 0. By the local regularity of elliptic operators, v is a smooth section of
S over Xo. Furthermore, being a manifold with corners, X satisfies the segment
property (Definition 6.2). In particular, it follows that v|∂X = 0, cf. [10, Corollary
6.49]. Hence we have
0 = 〈D2v, v〉 = 〈∇∗∇v, v〉 + 〈κ
4










where κ = Sc(g) is the scalar curvature of g and |v| denotes the fiberwise norm of
v. If κ ≥ 0, then we must have
∇v = 0.
Hence |v| is a constant, which has to be nonzero since ‖v‖ = 1, and if κ(x) > 0 for





We arrive at a contradiction. This finishes the proof.
By applying the unique continuation property of Dirac-type operators (cf. [3,
Theorem 8.2]), we have the following generalization of Proposition 6.1.
Proposition 6.4. Let X be a connected n-dimensional compact Riemannian mani-
fold with corners, equipped with a Riemannian metric g. Let S be a Cℓn(X)-bundle
with a Cℓn(X)-compatible connection. Let D be the associated Cℓn-linear Dirac-type
operator. Suppose there is a continuous uniformly bounded fiberwise-nonnegative en-
domorphism A : S → S such that Ax > 0 for some x ∈ Xo and
〈(D2 −A)f, f〉 ≥ 0
for all f ∈ C∞0 (Xo,S). Then there exists c > 0 such that
‖Dw‖ ≥ c‖w‖
for all w ∈ H01 (Xo,S), where D is the closure of the operator D.
Proof. Assume to the contrary that there exists a sequence of elements {vj}j∈N in
H01 (X






By the same argument from the proof Proposition 6.1, there exists v ∈ H01 (Xo,S)
such that ‖v‖ = 1 and Dv = 0. It follows that





〈Ayv(y), v(y)〉 = 0
since A is fiberwise-nonnegative. By assumption, we have Ax > 0 for some x ∈ Xo.
Then by continuity, there exists λ > 0 such that
Ay ≥ λ1y
for all y in an open neighborhood Ux of x, where 1y is the identity map of the
fiber Sy at y. Combined with the above discussion, this implies that v vanishes on
the open set Ux. Now by the unique continuation property
32 of D and that X is
connected, it follows that v ≡ 0 on the whole manifold X. This contradicts that
fact that ‖v‖ = 1, hence finishes the proof.
Since all the proofs of the main theorems in this section rely on the notion of
subsets with the wrapping property. Let us review the definition of subsets with the
wrapping property in the following.
Definition 6.5 (Subsets with the wrapping property, cf. Definition 1.2). A subset
Σ of the standard unit sphere Sn is said to have the wrapping property if for all
sufficiently small ε > 0, the ε-neighborhood Nε(Σ) of Σ is non-separating,
33 and
furthermore there exists a smooth distance-contracting map Φ: Sn → Sn such that
(1) on each path-connected component Ωj of Nε(Σ), the map Φ is equal to the
restriction of some isometry ϕj ∈ SO(n+ 1),
(2) and34 deg(Φ) 6= 1.
For a given ε > 0, the geometry of the ε-neighborhood Nε(Σ) of Σ can be very
wild, in particular at the boundary ∂Nε. But similar to Lemma 4.2, by enlarging
or shrinking Nε(Σ) if necessary, we can in fact always find small neighborhoods of
Σ that are manifolds with corners.
32The unique continuation property for Dirac-type operators states that if a solution v of Dv = 0
vanishes on an open subset of X, then v vanishes on the whole X, provided that X is connected,
cf. [3, Theorem 8.2].
33A subset K of Sn is non-separating if Sn\K is path-connected.
34For example, if Φ is not surjective, then clearly deg(Φ) = 0 6= 1.
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Lemma 6.6. Let Σ be a subset of Sn. Then for any sufficiently small ε > 0,
there is a subspace Xε ⊂ Sn with Sn\N2ε(Σ) ⊂ Xε ⊂ Sn\Nε(Σ) such that Xε is
an n-dimensional compact manifold with corners. Furthermore, if Nε(Σ) is non-
separating for all sufficiently small ε > 0, then Xε can also be chosen to be path-
connected for all sufficiently small ε > 0.
Proof. The proof is the same as that of Lemma 4.2. Furthermore, the construction
from Lemma 4.2 shows that if Sn\N2ε(Σ) is path-connected, then Xε can be chosen
to path-connected.
Now we are ready to prove the main theorems (Theorems E, F, G, H and I)
of this section. Let us first prove Theorem G, which answers positively an open
question of Gromov, cf. [14, page 687, specific problem] and [15, Section 3.9].
Theorem 6.7 (Theorem G). Let Σ be a subset with the wrapping property in the
standard unit sphere Sn. Let (X, g0) be the standard unit sphere S
n minus Σ. If a
(possibly incomplete) Riemannian metric g on X satisfies
(1) g ≥ g0,
(2) and Sc(g) ≥ n(n− 1) = Sc(g0),
then g = g0.
Proof. We prove the theorem by contradiction. Assume to the contrary that g 6= g0.
This implies that gz > (g0)z for some z ∈ X. To avoid ambiguity, let us denote
(X, g0) by X for the rest of the proof.




where ℓ : Spinn → End(Cℓn) is the representation given by left multiplication.
Equip E0 with the canonical Riemannian connection determined by the presen-
tation ℓ : PSpin(S
n) → End(Cℓn). Furthermore, when n is even, E0 carries a natural
Z/2-grading E0 = E
+
0 ⊕ E−0 .By the Atiyah-Singer index theorem [2], the index of
the twisted Dirac operator DS
n
E+0
is equal to 1.
In order to obtain the relevant estimates needed to prove the theorem, we shall
give an explicit description of the bundle E0 as a sub-bundle of a trivial vector
bundle over Sn so that E0 can be viewed a projection p in Mk(C(S
n)) = Mk(C) ⊗
C(Sn), where C(Sn) is the C∗-algebra of continuous functions on Sn. Consider the
canonical embedding of the unit sphere Sn inside the Euclidean space Rn+1. Let
V = Rn+1 × Cℓn+1 be the canonical Cℓn+1-Dirac bundle over Rn+1. Clearly, V is
a trivial vector bundle. Let us still denote by V the restriction of V on Sn. Then
we see that E0 is a sub-bundle of V . Denote by v the outward unit normal vector
52
field of Sn in Rn+1. Then E0 is isomorphic to the sub-bundle of V determined by





where c(v) is the Clifford multiplication of v on V = Sn× Cℓn+1 from the right. By
construction, the Bott projection pn is invariant under the orientation-preserving
isometry group SO(n + 1) of Sn. This particular property of pn will be important
in the following discussion.
By assumption, Σ satisfies the wrapping property (cf. Definition 6.5). Then by
Lemma 6.6, for all sufficiently small ε > 0, there is a subspace Xε ⊂ Sn such that
Sn\N2ε(Σ) ⊂ Xε ⊂ Sn\Nε(Σ) andXε is a connected compact manifold with corners,
and furthermore there exists a smooth distance-contracting map Φ: Sn → Sn such
that
(1) on each path-connected component Ωj of N2ε(Σ), the map Φ is equal to the
restriction of some isometry ϕj ∈ SO(n+ 1),
(2) and deg(Φ) 6= 1.
Let us denote the (set-theoretic) identity map from (Xε, g) to (Xε, g0) by
1 : (Xε, g) → (Xε, g0).
The projection pn on S
n restricts to a projection on Xε, which will still be denoted
by pn. Let p1 := 1
∗(pn) and p2 := (Φ ◦ 1)∗(pn) be the induced projections on Xε.
By the properties35 of the map Φ above, we see that p1 and p2 coincide in a small
neighborhood of the boundary ∂Xε of Xε.
The pullback bundles of V by the map 1 : Xε → Xε and the map Φ◦1 : Xε → Sn
are identical, since V is a trivial vector bundle with its canonical trivial connection.
We shall denote this pullback bundle on Xε by W = Xε × Cℓn+1 from now on.
Let S be the spinor bundle of (Xε, g). The projections p1 and p2 can be viewed as
endomorphisms of the bundle S ⊗W . More precisely, the bundle homomorphism
1⊗ pj : S ⊗W → S ⊗W satisfies that (1⊗ pj)2 = 1⊗ pj and (1⊗ pj)∗ = 1⊗ pj , for
j = 1, 2.
Denote by DX the Dirac operator on Xε twisted by the trivial bundle W , or
equivalently, DX is the direct sum of 2n+1 copies36 of the Dirac operator of Xε.
Consider the commutator [DX , pj ], which is an endomorphism of the bundle S⊗W .
Denote by [DX , pj ]x : (S⊗W )x → (S⊗W )x the endomorphism at the point x ∈ Xε.
A key step of the proof is the following estimate for the operator norm of [DX , pj ]x
for every point x ∈ Xoε, where Xoε is the interior of Xε.
35In particular, we have used the fact that pn is invariant under the orientation-preserving
isometry group SO(n+ 1) of Sn.
36Here 2n+1 is the dimension of Cℓn+1.
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For each x ∈ Xε, we can choose a local g0-orthonormal tangent frame {e1, · · · , en}
for TXε and a local g-orthonormal tangent frame {e1, · · · , en} for TXε near x such
that for each 1 ≤ k ≤ n, we have
1∗(ek) = λkek
for some λk ≥ 0. Since 1 : (Xε, g) → (Xε, g0) is distance-contracting, we have λk ≤ 1















A similar conclusion holds for p2, since the map Φ◦1 : (Xε, g) → Sn is also distance-
contracting.
Claim 6.8. We have
‖[DX , pj ]x‖ ≤
n
2
for all x ∈ Xε and for both j = 1, 2. Furthermore, ‖[DX , p1]x‖ < n2 unless the
map 1∗ : (TxXε, g) → (TxXε, g0) on the tangent space at x is an isometry, and
‖[DX , p2]x‖ < n2 unless (Φ ◦ 1)∗ : (TxXε, g) → (TΦ(x)Sn, g0) is an isometry.









for each x ∈ Sn. Recall that v is the outward unit normal vector field of Sn in Rn+1.





where cj is the Clifford multiplication of the unit vector
∂
∂xj
on V = Sn × Cℓn+1
from the right. Since SO(n+1) acts transitively on Sn and pn is equivariant under
the action of SO(n + 1), it suffices to estimate the term in line (6.3) at the point











37Here the term ∂/∂xn+1 does not appear, since it is in the normal direction.
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where ck is the Clifford multiplication of the unit vector
∂
∂xj
on the spinor bundle








































Furthermore, if the map 1∗ : (TxXε, g) → (TxXε, g0) on the tangent space at x is
not an isometry, then 0 ≤ λk < 1 for some 1 ≤ k ≤ n, which implies
‖[DX , p1]x‖ <
n
2
in this case. The same argument applies to [DX , p2]. This proves the claim.
Now consider the operator DXpj := pjD
Xpj . For brevity, let us write D in place
of DX , and p in place of pj . We have
〈pDpf, pDpf〉 = 〈pDpDpf, pf〉
= 〈p[D, p]Dpf, pf〉 + 〈pD2pf, pf〉





〈[D, p]pf, [D, p]pf〉 + 〈pD2pf, pf〉
≥ 1
2
〈D2pf, pf〉 − 1
2
〈[D, p]pf, [D, p]pf〉
By the inequality in line (3.8), we have
















ε,S ⊗ pW ).
Here C∞c (X
o
ε,S ⊗ pW ) is the space of compactly supported smooth sections of the
sub-bundle S ⊗ pW ⊂ S ⊗W . By assumption, we have κ = Sc(g) ≥ n(n − 1). We
have also assumed that gz > (g0)z for some point z ∈ X. Without loss of generality,
we can assume z ∈ Xoε. It follows from Proposition 6.4 and Claim 6.8 that there
exists C > 0 such that
‖DXpjv‖ ≥ C‖v‖ (6.4)
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for all v ∈ C∞c (Xoε,S ⊗ pjW ) and for both j = 1, 2. Furthermore, since n is even,







with respect to the decomposition pjW = (pjW )
+ ⊕ (pjW )−. In particular, the
same conclusion from line (6.4) also holds for both DX+pj and D
X−
pj .
Now fix a constant µ ∈ (0, λ) and let Dj = Dpj ,µ be the extension of DX+pj as





ε,S ⊗ pjW ) → H01 (Xoε,S ⊗ pjW )
Following the same argument from the proof of Theorem 4.1, let us choose a nor-
malizing function χ : R → R whose distributional Fourier transform is supported in
a sufficiently small neighborhood of the origin. We define
G1 = χ(D1) and G2 = χ(D2).
Let q1 and q2 be the idempotents constructed out of G1 and G2 as in line (2.1). We
















ε,S ⊗ pjW ) is a closed subspace of H 01 = H01 (Xoε,S ⊗W ). If we denote by
℘j : H
0
1 → H 01 the projection onto the closed subspace H01 (Xoε,S ⊗pjW ), then the















ε,S ⊗W ). However,
this time the indices Ind(D1) and Ind(D2) lie in K0(A) of some C∗-algebra A that is
strictly larger than K = K(H 01 ), where K(H 01 ) is the algebra of compact operators
on H 01 . More precisely, let A be the C∗-subalgebra of B(H 01 ) generated by ℘1 and
℘2 together with K, where B(H 01 ) is the algebra of bounded linear operators on
H 01 .
For brevity, we shall keep writing qj instead of ℘jqj℘j , since no confusion is
likely to arise. Now the difference construction from line (4.2) implies that
Ind(D1)− Ind(D2) = [E(q1, q2)]− [E(℘1,℘2)]
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in K0(A). Furthermore, by construction, we have
E(q1, q2)− E(℘1,℘2) ∈ K.
Also note that the explicit formula from line (4.2) shows that E(℘1,℘2) is a pro-
jection, since ℘1 and ℘2 are projections. Let us define
38 K̃ to be C∗-subalgebra of
B(H 01 ) generated by E(℘1,℘2) and K. We conclude that
[E(q1, q2)]− [E(℘1,℘2)]
is a K-theory class in K0(K̃).
In order to apply the relative index theorem (Theorem 4.1), we shall now view
Xε as a subspace of some closed manifold. In fact, since Xε a (topological) subset
of the n-dimensional sphere and is an n-dimensional manifold with corners, we can
extend the Riemannian metric g on Xε to a Riemannian metric on the sphere. Let us
denote by S the resulting n-dimensional sphere with this new metric gS. Of course,
the metric gS generally does not satisfy distance bound and scalar curvature bound
on the complement of Xε in S, when compared to the standard metric g0 on S
n.
Consider the (set-theoretic) identity map
1S : S → Sn.
Let pS1 = (1
S)∗(pn) and p
S
2 = (Φ ◦ 1S)∗(pn) be the projections induced from the
Bott projection pn on S
n, by the maps 1S and Φ ◦ 1S respectively. It follows from
the properties of the map Φ, the two projections pS1 and p
S
2 coincide on a small
neighborhood of S\Xε.
Now consider the twisted Dirac operators DSpj := p
S
j D







with respect to the natural Z/2-grading on pSj W = (p
S
j W )
+⊕ (pSj W )−. Let p1 and
p2 be the idempotents constructed out of χ(D
S+
p1 ) and χ(D
S+
p2 ) as in line (2.1). Now
by the same argument as above, we conclude that
Ind(DS+p1 )− Ind(DS+p2 ) = [E(p1, p2)]− [E(℘S1 ,℘S2 )]
in K0(AS), where ℘Sj : H1(S,S ⊗W ) → H1(S,S ⊗W ) is the projection onto the
closed subspace H1(S,S ⊗ pSj W ) and AS is the C∗-subalgebra of B(H1(S,S ⊗W ))
generated by ℘S1 and ℘
S
2 together with K. We also have
E(p1, p2)− E(℘S1 ,℘S2 ) ∈ K.
38Here K̃ is either K itself or isomorphic to the unitization of K, depending on whether E(℘1,℘2)
is a finite rank projection or an infinite rank projection.
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Furthermore, it follows from the explicit formula in line (4.2) that
E(℘S1 ,℘
S
2 ) = E(℘1,℘2).
In particular, we conclude that both
[E(q1, q2)]− [E(℘1,℘2)] and [E(p1, p2)]− [E(℘S1 ,℘S2 )]
are elements of K0(K̃). Moreover, by construction we have
E(q1, q2) = E(p1, p2),
as long as we have chosen χ to be a normalizing function whose distributional Fourier
transform is supported in a sufficiently small neighborhood of the origin. Therefore,
we have
[E(q1, q2)]− [E(℘1,℘2)] = [E(p1, p2)]− [E(℘S1 ,℘S2 )]
in K0(K̃).
Since D1 and D2 are invertible, we have Ind(D1) = 0 = Ind(D2). This implies
that
[E(q1, q2)]− [E(℘1,℘2)] = Ind(D1)− Ind(D2) = 0
in K0(A). By Proposition 6.9, the inclusion homomorphism K → A induces an
injection of K-theory K0(K) →֒ K0(A). It follows that
[E(q1, q2)]− [E(℘1,℘2)] = 0
in K0(K̃). Consequently, we also have
[E(p1, p2)]− [E(℘S1 ,℘S2 )] = [E(q1, q2)]− [E(℘1,℘2)] = 0
in K0(K̃), which in turn implies that
Ind(DS+p1 )− Ind(DS+p2 ) = [E(p1, p2)]− [E(℘S1 ,℘S2 )] = 0
in K0(AS).
On the other hand, by the Atiyah-Singer index theorem [2], we have
Ind(DS+p1 )− Ind(DS+p2 ) = (1− deg(Φ)) · Ind(DS
n
E+0
) = 1− deg(Φ) ∈ K0(K) = Z.
Moreover, it follows from Proposition 6.9 again that the inclusion K → AS induces
an injection of K-theory K0(K) →֒ K0(AS). Therefore, we conclude that
1− degΦ = 0.
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This contradicts the fact that degΦ 6= 1. This finishes the proof for the even
dimensional case.
Now let us prove the theorem in the odd dimensional case. Since the key ideas
are similar to the even dimensional case, we shall be brief. Again consider the
canonical embedding of the unit sphere Sn inside the Euclidean space Rn+1. Let
V = Rn+1 × Cℓn+1 be the canonical Cℓn+1-Dirac bundle over Rn+1. Denote by v
the outward unit normal vector field of Sn in Rn+1. Then the Bott element vn—a
generator of K1(Sn) = K1(C(S
n))—is given by the unitary
vn = ic(v)
where c(v) is the Clifford multiplication of v on V = Sn × Cℓn+1 from the right.
By construction, the Bott element vn is invariant under the orientation-preserving
isometry group SO(n+ 1) of Sn.
Similar to the proof of Theorem 5.1, let us consider the following Dirac-type
operator on S1 × Sn:
/D = c · d
dt
+Dt
where c is the Clifford multiplication of the unit vector d/dt and
Dt := tD
Sn + (1− t)vnDS
n
v−1n
for each t ∈ [0, 1]. Here we have chosen the parametrization S1 = [0, 1]/{0, 1}. By




Â(Sn) ∧ ch(vn) = 1
where Â(Sn) is the Â-form of Sn and ch(vn) is the odd-dimensional Chern character
of vn.
As before, for all sufficiently small ε > 0, let Xε ⊂ Sn be a subspace of Sn
such that Sn\N2ε(Σ) ⊂ Xε ⊂ Sn\Nε(Σ) and Xε is a connected compact manifold
with corners. Also, denote by W = Xε × Cℓn+1 the pullback bundle of the triv-
ial bundle V . Pull back the unitary vn by the maps 1 : (Xε, g) → (Xε, g0) and
Φ ◦ 1 : (Xε, g) → (Sn, g0) and denote the resulting unitaries by v1 = 1∗(vn) and




= c · d
dt
+Dvj ,t
on (Xε, g), where
Dvj ,t = tD
X + (1− t)vjDXv−1j ,





)2 = − d
2
dt2





D2vj ,t = t(D
X)2 + (1− t)vj(DX)2v−1j + t(1− t)[DX , vj ][DX , v−1j ],
cf. line (5.2). The same argument (especially Claim 6.8 and Proposition 6.4) from
above shows that for each t ∈ [0, 1], there exists a constant Ct > 0 such that
‖Dvj ,t(f)‖ ≥ Ct‖f‖ for all f ∈ C∞0 (Xoε,S ⊗W ).
By the continuity of Ct with respect to t and the compactness of the interval [0, 1],
it follows that there exists a constant C > 0 such that
‖Dvj ,t(f)‖ ≥ C‖f‖ for all f ∈ C∞0 (Xoε,S ⊗W ) and for all t ∈ [0, 1].
By performing a rescaling as in line (5.3) if necessary, we conclude that there exists
a constant C ′ > 0 such that
‖ /DXvjf‖ ≥ C ′‖f‖ for all f ∈ C∞0 (S1 ×Xoε,S ⊗W ) and for both j = 1, 2.
Now the rest of the proof for the odd dimensional case proceeds in the same way as
the even dimensional case. This completes the proof of the theorem.
Now let us prove the following proposition, which completes the proof of Theorem
6.7.
Proposition 6.9. Let A be a C∗-subalgebra of B(H) generated by the compact
operators K and two projections P1 and P2 on a Hilbert space H. Then the inclusion
homomorphism K →֒ A induces an injection K0(K) → K0(A).
Proof. Recall that the universal C∗-algebra generated by two projections is
C = C∗(Z2 ∗ Z2)
with the two projections being p = 1−u2 and q =
1−v
2 , where u and v are the canonical
generators of C∗(Z2 ∗ Z2). This algebra C has a concrete realization as an algebra
of (2× 2)-matrix-valued continuous functions on [0, 2π]. More precisely, we have
C ∼= {f ∈ C([0, 2π],M2(C)) | f(0) and f(2π) are diagonal}












cf. [27]. See also [28, Theorem 1.3].
Now clearly K is a closed ideal of A. So we have the following short exact
sequence of C∗-algebras:
0 → K → A → A/K → 0. (6.5)
Note that A/K is a C∗-algebra generated two projections, hence a quotient algebra
of C. In particular, there exists a closed ideal J of C which fits into the following
short exact sequence of C∗-algebras:
0 → J → C → A/K → 0. (6.6)
For each t ∈ [0, 2π], consider the evaluation homomorphism
αt : C →M2(C) by f 7→ f(t).
It follows that αt(J ) is an ideal of M2(C) for all t ∈ (0, 2π) and αt(J ) is an ideal of
C ⊕ C for t = 0, 2π. In particular, for t ∈ (0, 2π), αt(J ) is either 0 or M2(C); and
for t = 0 or 2π, αt(J ) is one of the following four possibilities: 0⊕ 0, C ⊕ 0, 0 ⊕ C
or C⊕ C. We conclude that there exists an open subset J of [0, 2π] such that
J =
{
f ∈ C0(J,M2(C)) | f(0) ∈ α0(J ) if 0 ∈ J and f(2π) ∈ α2π(J ) if 2π ∈ J
}
,
where α0(J ) (resp. α2π(J )) is one of the four possibilities listed above. Conse-
quently, we see that K0(J ) = 0. Also note that K1(C) = 0. Now consider the
following six-term K-theory long exact sequence associated to the short exact se-
quence in line (6.6):
K0(J ) K0(C) K0(A/K)
K1(A/K) K1(C) K1(J ).
It follows from the above discussion that K1(A/K) = 0. Using the K-theory long
exact sequence associated to the short exact sequence in line (6.5), we conclude that
the homomorphism K0(K) → K0(A) is injective.
Remark 6.10. Proposition 6.9 has an obvious analogue for KO-theory of real C∗-
algebras. We leave it for the reader to work out the details.
In Theorem 6.7, we proved a rigidity theorem for positive scalar curvature metrics
on spheres minus subsets with the wrapping property. It remains to see what kinds
of subsets of Sn actually satisfy the wrapping property. Loosely speaking, the class of
subsets in Sn with the wrapping property includes all “reasonable” geometric subsets
of Sn whose sizes are “relatively small”. For example, Lemma 6.12 below gives some
sufficient geometric conditions for a subset to satisfy the wrapping property. Let us
first fix some terminology.
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Definition 6.11. Consider the canonical embedding of the unit sphere Sn inside
the Euclidean space Rn+1. For each unit vector v ∈ Rn+1, denote by V⊥v the linear
subspace of Rn+1 that is orthogonal to v. We define an equator E of Sn to be the
intersection of V⊥v and S
n for some unit vector v ∈ Rn+1.
Lemma 6.12. Let Σ be a subset of Sn such that its ε-neighborhood Nε(Σ) is
non-separating for all sufficiently small ε > 0. If Nε(Σ) is contained in a geodesic
ball of radius < π2 for some (hence for all) sufficiently small ε > 0, then Σ has the
wrapping property.
Proof. By assumption, for each sufficiently small ε > 0, there exists a geodesic ball
B of radius r < π2 that contains Nε(Σ). Without loss of generality, we assume that
there is an equator E such that B is contained in a hemisphere determined by E and
dist(B,E) > 2ε. Let us denote the center of B by x0. Consider all geodesics in S
n
of length ≤ π that originate from x0, that is, all the shortest geodesics starting at
x0 and ending at the antipodal point of x0. Now we shall “wrap” the geodesics to
define a distance-contracting map Φ: Sn → Sn such that Φ equals the identity map
on B and the image Φ(Sn) lies in the hemisphere that contains B. In particular, Φ
is not surjective and deg(Φ) = 0.
More precisely, let us first consider a smooth function f ′ : [−π2 , π2 ] → [−1, 1] such
that (cf. Figure 2)
(i) f ′ is odd, that is, f ′(−t) = −f ′(t),
(ii) f ′(t) = −1 for all t ∈ [ε, π2 ],
(iii) and f ′(t) ≤ 0 for all t ∈ [0, π2 ].








For each shortest geodesic γ going from x0 to its antipodal point, we parametrize γ
by its arc length so that the intersection point of γ with the equator E becomes the
origin of the interval [−π2 , π2 ] and x0 becomes−π2 with respect to the parametrization.
Now we define ΦE : S
n → Sn by setting
ΦE(γ(t)) = γ(f(t)) (6.7)
for each t ∈ [−π2 , π2 ]. For later references, let us call ΦE a wrapping map along the
equator E. For brevity, let us denote it by Φ. By construction, the wrapping map
Φ: Sn → Sn
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Figure 2: The graph of f ′
is a smooth39 distance-contracting map such that Φ equals the identity map on B
and the image Φ(Sn) lies in the hemisphere that contains B, hence deg(Φ) = 0 6= 1.
This finishes the proof.
Example 6.13. By Lemma 6.12, the following subsets of Sn have the wrapping
property:
(a) an open or closed geodesic ball of radius < π2 ,
(b) any compact simplicial complex of codimension ≥ 2 that is contained in a
geodesic ball of radius < π2 .
A key ingredient in the proof of Lemma 6.12 is the construction of a wrapping
map along a given equator. It is natural to seek analogues of Lemma 6.12 that
incorporate more than one equators. As an illustration, let us prove an analogue of
Lemma 6.12 for two equators. Note that any two distinct equators of Sn divide Sn
into four open regions. The two regions corresponding to the acute dihedral angle
will be called acute quadrants, and the two regions corresponding to the obtuse
dihedral angle will be called obtuse quadrants. By convention, if two equators are
orthogonal, then we say each of the four quadrants is both acute and obtuse.
Lemma 6.14. Let Σ be a subset of Sn such that its ε-neighborhood Nε(Σ) is
non-separating for all sufficiently small ε > 0. If there exist two equators such
that Nε(Σ) is contained in two opposite acute quadrants for some (hence for all)
sufficiently small ε > 0, then Σ has the wrapping property.
39Due to the specific properties of f , the map Φ is smooth everywhere. In particular, Φ is smooth
at the antipodal point of x0.
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Proof. Let us say E1 and E2 are the two equators given by the assumption. Let
ΦE1 : S
n → Sn be a wrapping map along E1 as defined in line (6.7). By construction,
the image ΦE1(S
n) is contained a hemisphere, say SE1,+, determined by the equator
E1. Let us write
Nε(Σ)+ = Nε(Σ) ∩ SE1,+ and Nε(Σ)− = Nε(Σ) ∩ SE1,−,
where SnE1,− = S
n\SE1,+. Then by construction, ΦE1 equals the identity map on
Nε(Σ)+, and ΦE1 equals the reflection map (with respect to E1) on Nε(Σ)−.
By assumption, Nε(Σ) is contained in two opposite acute quadrants determined
by E1 and E2. It follows that the images ΦE1(Nε(Σ)+) and ΦE1(Nε(Σ)−) lie on
different sides of the equator E2. Choose a wrapping map ΦE2 along E2 such that
ΦE2 equals the identity map on ΦE1(Nε(Σ)+) and equals the reflection map (with
respect to E2) on ΦE1(Nε(Σ)−).
Recall that the composition of two reflection maps on Sn is an orientation-
preserving isometry of Sn, that is, an element of SO(n+ 1). It follows that the
map Φ := ΦE2 ◦ ΦE1 satisfies the required properties given in Definition 6.5. This
finishes the proof.
Example 6.15. Let Σ be a subset of Sn consisting of two points. It is not difficult
to see that there exist two equators such that Nε(Σ) is contained in two opposite
acute quadrants for all sufficiently small ε > 0. It follows from Lemma 6.14 that Σ
has the wrapping property in this case.
Instead of searching for the most general formulation of Lemmas 6.12&6.14 for an
arbitrary number of equators, we shall apply the argument from Lemmas 6.12&6.14
inductively to show that any finite subset Σ of Sn satisfies the wrapping property.
Proposition 6.16. If Σ is a finite subset of Sn, then Σ satisfies the wrapping
property.
Proof. Consider the canonical embedding of the unit sphere Sn inside the Euclidean
space Rn+1. Since Σ is finite, there exists an vector v in Rn+1 such that
(a) 〈v, x〉 6= 0 for all x ∈ Σ, that is, v is not orthogonal to any vector x ∈ Σ;
(b) and v ∦ (x−y) for all x, y ∈ Σ with x 6= y, that is, v is not parallel to any vector
(x− y) for all x, y ∈ Σ with x 6= y, where (x− y) is viewed as a vector in Rn+1.
It follows that there exists an equator E1 such that E1∩Σ = ∅ and no pair of points
in Σ are symmetric40 along E1.
40Here we say two points x1 and x2 of Σ are symmetric along an equator E if the reflection map
along E takes x1 to x2.
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Let ΦE1 be a wrapping map along E1 as defined in line (6.7). In particular,
due to the above properties (a) and (b) of E1, the map ΦE1 is injective on Σ,
hence also injective on a small neighborhood of Σ. By the construction of ΦE1 ,
on a sufficiently small neighborhood of each point x ∈ Σ, the map ΦE1 coincides
with either the identity map or the reflection map along E1. Let us introduce an
orientation-indicator function ω1 : Σ → {±1} by setting
ω1(x) =
{
+1 if ΦE1 is orientation-preserving on a small neighborhood of x,
−1 if ΦE1 is orientation-reserving on a small neighborhood of x.
A point x ∈ Σ with ω1(x) = 1 will be called a ω1-positive point, and a point x ∈ Σ
with ω1(x) = −1 will be called a ω1-negative point. The same terminology also
applies to points in ΦE1(Σ). That is, a point y ∈ ΦE1(Σ) will be called a ω1-positive
(reps. ω1-negative) point if y is the image of a ω1-positive (reps. ω1-negative) point
of Σ. This completes the initial step of our mathematical induction.
After applying ΦE1 , the image ΦE1(S
n) lies in a hemisphere. If there are no
ω1-negative points in ΦE1(Σ), then the induction process ends and the proof is
completed. Now suppose the set of ω1-negative points in ΦE1(Σ) is nonempty. Let
z1 ∈ ΦE1(Σ) be a closest point to E1 among all ω1-negative points in ΦE1(Σ), that





There could be more than one such z1. We simply choose one of them.
Claim 6.17. There exists an equator E2 such that no pair of points in ΦE1(Σ) are
symmetric along E2 and furthermore the hemispheres SE2,± associated to E2 satisfy
the following condition: z1 is contained in SE2,− and is the only ω1-negative point
in ΦE1(Σ) that is contained in SE2,−
We can find such an equator E2 as follows. Denote by SE1,± the hemispheres
determined by E1. Say, ΦE1(Σ) is contained in the hemisphere SE1,+. Let a0 be the
center of SE1,+. If z1 = a0, then the set ΦE1(Σ) has one and only one ω1-negative
point, which is z1 itself, since a0 is the unique point in the hemisphere SE1,+ to
achieve dist(a0,E1) =
π
2 . Then the existence of an equator E2 with the required
properties is obvious in this case.
So without loss of generality, we assume z1 6= a0. Let γ be the unique geodesic
starting at a0, passing through z1 and ending at a point of E1. Denote by vz1 the
unit tangent vector of the curve γ at z1, which is also naturally viewed as a vector
in Rn+1. Let Ez1 be the unique equator that is orthogonal to vz1 . Note that Ez1
passes through the point z1, and the two equators E1 and Ez1 are not orthogonal
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since z1 6= a0. Let Q be an acute (open) quadrant determined by E1 and Ez1 . Then
we have
dist(q,E1) < dist(z1,E1)
for all points q ∈ Q. Consequently, we see that Q does not contain any ω1-negative
points of ΦE1(Σ). Now the desired equator E2 is obtained by rotating Ez1 by a
small amount along the geodesic γ. More precisely, choose a point y1 ∈ γ that is
sufficiently close to z1 such that dist(y1, a0) < dist(z1, a0). Let vy1 be the tangent
vector of γ at y1. Then we can choose E2 to be the unique equator that is orthogonal
to vy1 for some y1 that is sufficiently close to z1. This finishes the proof of the claim.
Now we return to the induction process. If the hemisphere SE2,− contains some
ω1-positive points of ΦE1(Σ), then we shall first apply a “double-wrapping” proce-
dure to reduce it to the case where SE2,− contains no ω1-positive points of ΦE1(Σ),
that is, to the case where SE2,− ∩ ΦE1(Σ) = {z1}.
More precisely, let β be the unique geodesic that minimizes the distance between
z1 and E2. Extend the geodesic β to meet the equator E1, and denote this extended
geodesic still by β. Re-parameterize41 β so that its domain becomes [1, 2], and
β(1) ∈ E1 and β(2) ∈ E2. For every t ∈ [1, 2], let vt be the tangent vector of β at
β(t). Let Et be the unique equator that is orthogonal to vt.
Let Pz1 be the set of ω1-positive points in ΦE1(Σ) that are contained in SE2,−.
Define a level map L : Pz1 → [1, 2] by setting L(x) = t if x is contained in Et. Denote
the values in L(Pz1) by {tj}0≤j≤N with t0 ≤ t1 ≤ t2 ≤ · · · . Fix a number δ > 0
that is very small compared to the differences (tj+1 − tj) for all 0 ≤ j ≤ N . Let us
denote by Pz1(tj) = Pz1 ∩Etj the intersection of Pz1 and Etj .
Let s1 = t0+
t1−t0
3 and Φs1 a wrapping map along the equator Es1 such that Φs1
equals the reflection map along Es1 on small neighborhoods of elements x ∈ Pz1(t0)
and Φs1 equals the identity map on small neighborhoods of elements x ∈ Pz1(tj) for
j ≥ 1. In particular, for x ∈ Pz1(t0), its image Φs1(x) under the map Φs1 lies in Er1 ,
where r1 = t0 +
2(t1−t0)
3 . Now set
42







Let Φs2 be a wrapping map along the equator Es2 such that Φs2 equals the reflec-
tion map along Es2 on small neighborhoods of elements x ∈ Φs1(Pz1(t0)) and Φs2
equals the identity map on small neighborhoods of elements x ∈ Φs1(Pz1(tj)) for
j ≥ 1. In particular, since the composition of any two reflections is an element of
SO(n+1), it follows that the composition Φs2 ◦Φs1 equals an element of SO(n+1)
41The curve β may not have unit speed any longer after such a re-parameterization. But this
will not affect our discussion.
42Here the positive number δ is added to make sure the wrapping map Φs2 remains injective on
Σ.
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on small neighborhoods of elements x ∈ Pz1(t0), and equals the identity map on
small neighborhoods of elements x ∈ Pz1(tj)) for j ≥ 1. Furthermore, the levels of
Φs2 ◦ Φs1(Pz1(t0)) and Φs2 ◦Φs1(Pz1(t1)) are very close. More precisely,
L(x0)− L(x1) = 2δ
for all x0 ∈ Φs2 ◦ Φs1(Pz1(t0)) and x1 ∈ Φs2 ◦ Φs1(Pz1(t1)) = Pz1(t1). We shall call
the composition Φs2 ◦ Φs1 a doubling wrapping map. Roughly speaking, a double
wrapping map brings the points of Pz1 closer to z1, while preserving the orientation
at those points. Now it is not difficult to see that there is a finite sequence of double
wrapping maps Φs1 , · · · ,Φsk such that
(1) on a small neighborhood of each point in Pz1 , the composition
Φ̃ := Φsk ◦ · · · ◦Φs1 equals an element of SO(n + 1),
(2) Φ̃ equals the identity map on a small neighborhood of z1,
(3) Φ̃ moves all points in Pz1 past z1, that is,
L(Φ̃(x)) > L(z1)
for all x ∈ Pz1 , where L is the level map from above.
Therefore, we are reduced to the case where SE2,− contains no ω1-positive points of
ΦE1(Σ). In this case, we define ΦE2 to be a wrapping map along E2 such that ΦE2
equals the reflection map along E2 on a small neighborhood of z1, and ΦE2 equals
the identity map on small neighborhoods of the remaining points of ΦE1(Σ)\{z1}.
Let
Φ2 = ΦE2 ◦ ΦE1
be the composition of ΦE2 and ΦE1 . We define its associated orientation-indicator
function ω2 : Σ → {±1} by setting
ω2(x) =
{
+1 if Φ2 is orientation-preserving on a small neighborhood of x,
−1 if Φ2 is orientation-reserving on a small neighborhood of x.










In other words, the total number of ω-positive points is strictly increasing. Since
Σ is a finite set, every point of Σ will eventually become ω-positive within finitely
many steps. Then the composition of all the wrapping maps appearing in these
inductive steps gives the map Φ: Sn → Sn with the desired properties. This finishes
the proof.
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As an immediate consequence of Theorem 6.7 and Proposition 6.16, we have the
following rigidity theorem for spheres with finite punctures.
Theorem 6.18 (Rigidity theorem for punctured spheres, Theorem H). Let (X, g0)
be the standard unit sphere Sn minus finitely many points, where n ≥ 2. If a (possibly
incomplete) Riemannian metric g on X satisfies that g ≥ g0 and
Sc(g) ≥ n(n− 1) = Sc(g0),
then g = g0.
Let us now prove Theorem E, which answers positively an open question of
Gromov on the long neck problem for distance-contracting maps to spheres [15,
section 4.6, long neck problem].
Theorem 6.19 (Theorem E). Let (X, g) be a compact n-dimensional spin mani-
fold with corners equipped with a Riemannian metric g whose scalar curvature is
bounded from below by a constant σ > 0. Suppose ψ : X → Sn is a smooth distance-
contracting map. If the following conditions are satisfied:
(1) Sc(g) ≥ n(n− 1) on supp(dψ),
(2) and dist(supp(dψ), ∂X) > 0,
then the degree deg(ψ) of the map ψ has to be zero.
Proof. We shall be brief, since the proof is essentially the same as the proof of Theo-
rem 6.7, with some obvious modifications. By considering one connected component
of X at a time, we can without loss of generality assume X is connected.
Let us first prove the even dimensional case. We will follow the same notation
from the proof of Theorem 6.7. Let V = Sn × Cℓn+1 be the trivial Cℓn+1-Clifford
bundle as in the proof of Theorem 6.7. Let pn be the Bott projection from line
(6.2).
By assumption, dist(supp(dψ), ∂X) > 0. This implies that ψ is locally constant
in a small neighborhood of ∂X. In particular, it follows that Σ := ψ(∂X) con-
sists of finitely many points, since X is compact. By Proposition 6.16, Σ satisfies
the wrapping property. Therefore, there exists a smooth distance-contracting map
Φ: Sn → Sn such that
(1) on each path-connected component Ωj of Nε(Σ), the map Φ is equal to the
restriction of some isometry ϕj ∈ SO(n+ 1),
(2) and deg(Φ) 6= 1.
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Denote by W = X × Cℓn+1 the trivial Cℓn+1-Clifford bundle over X. Let
p1 := ψ
∗(pn) and p2 := (Φ ◦ ψ)∗(pn)
be the induced projections on X. By the properties of the map Φ and the fact that
pn is invariant under the orientation-preserving isometry group SO(n+1) of S
n, we
see that p1 and p2 coincide in a small neighborhood of the boundary ∂X.
Let DX be the Dirac operator of X. Consider the operators DXpj = pjD
Xpj .






4(n− 1) − [D
X , pj ]
∗[DX , pj ]
)
on C∞c (X
o,S ⊗ pjW ).
It is clear that
[DX , pj ]x = 0 for all x /∈ supp(dψ) and for both j = 1, 2.
Since dist(supp(dψ), ∂X) > 0 and Sc(g) ≥ σ > 0, it follows that there exists a point




4(n − 1) − [D
X , pj ]
∗
x[D





On the other hand, by Claim 6.8, we have
‖[DX , pj ]x‖ ≤
n
2
for all x ∈ X and for both j = 1, 2.
Combined with the assumption that Sc(g) ≥ n(n− 1) on supp(dψ), it follows from
Proposition 6.4 that there exists C > 0 such that
‖DXpjv‖ ≥ C‖v‖ (6.8)
for all v ∈ C∞0 (Xo,S ⊗ pjW ) and for both j = 1, 2. Furthermore, sinece n is even,







with respect to the decomposition pjW = (pjW )
+ ⊕ (pjW )−. In particular, the
same conclusion above also holds for both DX+pj and D
X−
pj .
Now we consider the doubling X = X ∪∂X (−X) of X and fix a Riemannian
metric gX on X that extends the Riemannian metric g on X. The metric gX gener-
ally does not have positive scalar curvature everywhere. Since there exists a small
neighborhood of ∂X where the projections p1 and p2 coincide and equal to a con-
stant projection, we can trivially extend p1 and p2 to obtain projections on X, which
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will still be denoted by p1 and p2. Now the rest of the proof proceeds in exactly the
same way as the proof of Theorem 6.7. Consequently, an application of the relative
index theorem (Theorem 4.1) shows that deg(ψ) = 0.
The odd dimensional case can be proved in a similar way as how it was done in
the proof of Theorem 6.7. This finishes the proof.
Remark 6.20. We point out that Cecchini proved in [5, Theorem A] a version of the
above theorem for area-decreasing maps ψ : X → Sn under the assumption that ψ
is strictly area-decreasing and





where σ is the same constant σ that appeared in the statement of Theorem 6.19
above.
As a consequence of Theorem 6.19, we have the following analogue for distance-
contracting maps of a theorem of Zhang [41, theorem 2.1 & 2.2].
Theorem 6.21 (Theorem F). Let (M,g) be a noncompact n-dimensional complete
Riemannian spin manifold and Sn the n-dimensional standard unit sphere. Suppose
ψ : M → Sn is a smooth distance-contracting map such that ψ is locally constant
near infinity, that is, it is locally constant outside a compact set of M . If deg(ψ) 6= 0,
then
Sc(g)x < n(n− 1)
for some point x ∈ supp(dψ).
Proof. Assume to the contrary that
Sc(g) ≥ n(n− 1) on supp(dψ).
By the same argument in the proof of Lemma 4.2, there exists an n-dimensional
submanifold (X, gX ) of (M,g) such that
(1) X is a manifold with corners and supp(dψ) ⊂ X,
(2) ψ|X : X → Sn is a smooth distance-contracting map,
(3) Sc(gX) ≥ σ on X for some43 σ > 0,
(4) Sc(g) ≥ n(n− 1) on supp(dψ),
(5) and dist(supp(dψ), ∂X) > 0.
43This follows from continuity, since we have assumed that Sc(g) ≥ n(n− 1) on supp(dψ).
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Then it follows from Theorem 6.19 that deg(ψ) = 0. This contradicts the assumption
that deg(ψ) 6= 0, thus finishes the proof.
At the end, let us discuss some strengthenings of the results of this section. For
example, the same argument for Theorem 6.7 can be used to prove the following
strengthening of Theorem 6.7.
Theorem 6.22. Let Σ be a subset with the wrapping property in the standard unit
sphere Sn with n ≥ 2. Let (X, g0) be the standard unit sphere Sn minus Σ and
(M,g) an n-dimensional open Riemannian manifold. Suppose ψ : (M,g) → (X, g0)
is a distance-contracting proper smooth map of nonzero degree. If the metric g on
M satisfies that
(1) Sc(g) ≥ σ everywhere on M for some fixed σ > 0,
(2) and Sc(g) ≥ n(n− 1) on supp(dψ),
then ψ is a Riemannian finite-sheeted covering map.
Proof. By assumption, Σ satisfies the wrapping property. Therefore, there exists a
smooth distance-contracting map Φ: Sn → Sn such that
(1) on each path-connected component Ωj of Nε(Σ), the map Φ is equal to the
restriction of some isometry ϕj ∈ SO(n+ 1),
(2) and deg(Φ) 6= 1.
For each sufficiently small ε > 0, let Yε ⊂M be an n-dimensional manifold with
corners such that
ψ−1(Sn\N2ε(Σ)) ⊂ Yε ⊂ ψ−1(Sn\Nε(Σ)),
cf. the proof of Lemma 6.6. Now by applying the same argument from Theorem 6.7
and Theorem 6.19, we conclude that ψ|Yε : (Yε, g) → (X, g0) is a local Riemannian
isometry. Finally, by letting ε go to zero, it follows that ψ : (M,g) → (X, g0) is a
local Riemannian isometry. By assumption, ψ is a proper map. It follows that ψ is
a Riemannian finite-sheeted covering map. This finishes the proof.
As another example, we have the following strengthening of Theorem 6.19.
Theorem 6.23. Let Sn be the standard unit sphere of dimension n ≥ 2 and (M,g)
a compact n-dimensional spin manifold with corners. Suppose ψ : M → Sn is a
smooth distance-contracting map such that ψ is locally constant44 on ∂M . Suppose
the Riemannian metric g on M satisfies the following conditions:
44In particular, the degree of ψ is well-defined.
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(1) Sc(g) ≥ σ everywhere on M for some fixed σ > 0,
(2) and Sc(g) ≥ n(n− 1) on supp(dψ).
If deg(ψ) 6= 0, then M ∼= Sn and ψ : (M,g) → Sn is a Riemannian isometry.
Proof. The same argument from Theorem 6.7 or Theorem 6.22 shows that ϕ is a local
isometry. This implies that ∂M itself actually consists of only finitely many points
and M is actually a closed manifold. Again, the same argument from Theorem 6.7
or Theorem 6.22 shows that ψ : M → Sn is a Riemannian finite-sheeted covering
map. Since Sn is simply connected for n ≥ 2, we conclude that ψ : M → Sn is a
Riemannian isometry. This finishes the proof.
Appendix A Finite propagation of wave operators
In this appendix, we shall discuss the finite propagation property of wave opera-
tors. The fact that wave operators have finite propagation is well-known for closed
Riemannian manifold or more generally complete Riemannian manifolds (without
boundary). However, some special care needs to be taken when we work with incom-
plete manifolds or manifolds with corners, due to the incompleteness of the given
metric or the existence of boundary.
Let us first recall the following notion of propagation speed for (the principal
symbol of) a differential operator.
Definition A.1. Let D be a first order differential operator on a Riemannian man-
ifold X and σD the principal symbol of D. We define the local propagation speed
of D at x ∈ X to be
cD(x) := sup{‖σD(x, ξ)‖ : ξ ∈ T ∗xX, ‖ξ‖ = 1}.




Now let X be a compact Riemannian manifold with corners and S a smooth
Euclidean vector bundle over X. Suppose D is a first-order symmetric elliptic dif-
ferential operator acting on S over X. Let X̃ be a Galois Γ-covering space of X
and D̃ the lift of D. In this case, the propagation speed cD of D is finite, since





is also finite. In fact, we will mainly be concerned with the case where
cD(x) ≡ 1, e.g., when D is a Dirac-type operator.







Figure 3: Metric balls B(x0, a) and B(x0, a + ct0) inside a geodesic normal neigh-
borhood Ω.
for all f ∈ C∞c (X̃
o
, S̃). Equip H01 (X̃
o
, S̃) with the norm ‖ · ‖
D̃,µ
from Definition 3.7.
For ∀µ ∈ (0, λ), let Dµ : H01 (X̃
o
, S̃) → H01 (X̃
o
, S̃) be the self-adjoint extension of D̃
given in Definition 3.6.
The following proposition is a straightforward generalization of [7, Proposition
1.1] to the case of Riemannian manifolds with corners.
Proposition A.2 (cf. [7, Proposition 1.1]). With the same notation as above, let
c = c
D̃
be the propagation speed of D̃. Suppose x0 is a point
45 of X̃ and Ω is a
geodesic normal neighborhood of x0. Let a and t0 be positive numbers such that the
ball46 B(x0, a+ ct0) centered at x0 with radius a+ ct0 is contained in Ω, cf. Figure
3. If u is a solution in [0, t0]× X̃
o




such that ut ∈ H01 (X̃
o
, S̃) for all t ∈ [0, t0], then
∫
B(x0,a)




where 〈 , 〉 is the fiberwise inner product of the vector bundle S̃ and dV is the vol-
ume form of the given metric on X̃. In particular, if u0 = u(0, x) vanishes on
B(x0, a+ ct0), then u(t, x) vanishes on the cone
K = {(t, x) | 0 ≤ t ≤ t0 and ρ(x, x0) ≤ a+ c(t0 − t)},
where ρ is the distance function on X̃.
45We allow x0 to be on the boundary ∂X̃.
46Here B(x0, a+ ct0) is a metric ball in X̃. It is possible for B(x0, a+ ct0) to intersect with the
boundary ∂X̃, for example, when x0 is near the boundary, cf. Figure 3.
73
Proof. For simplicity, let us work with the complexified bundle of S̃, which will still
be denoted by S̃. With the sections ut of S̃ given in the assumption, we define a
vector field Z on [0, t0]× Ω by
(Zf)(t, x) = 〈ut, ut〉x
∂f(t, x)
∂t
− 〈ut, i σ(x, df) · ut〉x (A.1)
for all f ∈ C∞([0, t0] × Ω, S̃), where 〈 , 〉x is the inner product of S̃x, df = dxf is
the differential with respect to the coordinates of Ω, and σ = σD̃ is the principal
symbol of D̃.
Let us compute the divergence of Z with respect to the volume element dt dV
on [0, t0]×Ω. It is the difference of two terms. The divergence of the first term from
















= 〈iD̃ut, ut〉x + 〈ut, iD̃ut〉x
for all (t, x) ∈ [0, t0] × Ω. By a local computation (cf. the proof of [24, chapter II,
propositon 5.3]), the divergence of the second term from the right hand side of (A.1)
is also
〈iD̃ut, ut〉x + 〈ut, iD̃ut〉x
for all (t, x) ∈ [0, t0]× Ω. It follows that the divergence of Z vanishes:
divZ = 0.
On the cone
K = {(t, x) | 0 ≤ t ≤ t0 and ρ(x, x0) ≤ a+ c(t0 − t)},




divZ dt dV =
∫
∂K
〈Z, ν〉 dS (A.2)
where dS is the volume form on ∂K and ν is the unit outer normal vector. The
right hand side of (A.2) is the sum of three terms, corresponding to the top (when




〈ut0 , ut0〉 dV −
∫
B(x0,a+ct0)




The calculation of the normal vector ν at a point of Σ is divided into the following
two cases.
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(1) If a point x ∈ Σ is on the boundary ∂X̃ , then ν is the unit normal vector of ∂X̃
at x. By assumption, we have ut ∈ H01 (X̃
o
, S̃) for all t ∈ [0, t0]. It follows from
the standard properties of Sobolev spaces on bounded domains with the segment
property (cf. Definition 6.2) that ut|∂X̃ = 0. For details, see for example [10,
chapter 6, corollary 6.49]. Now by the formula, which that defines the vector
field Z, from line (A.1), we see that
〈Z, v〉x = 0
in this case.
(2) If a point x ∈ Σ is in the interior X̃o, then the normal vector ν is proportional
to the gradient gradϕ of ϕ, where
ϕ(t, x) = ct+ ρ(x, x0).





since grad ρ has norm ‖grad ρ‖ = 1. It follows that













We conclude that ∫
Σ
〈Z, ν〉 dS ≥ 0.
It follows that ∫
B(x0,a)




This finishes the proof.
Now we are ready to show that the finite propagation of the wave operators
eitDµ that we encountered in Section 3.
Proposition A.3. Let X be a compact Riemannian manifold with corners and S
a smooth Euclidean vector bundle over X. Suppose D is a first-order symmetric
elliptic differential operator acting on S over X. Let X̃ be a Galois Γ-covering
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space of X and D̃ the lift of D. Without loss generality, assume the propagation
speed c
D̃
of D̃ is equal to 1. Suppose there exists λ > 0 such that
‖D̃f‖ ≥ λ‖f‖
for all f ∈ C∞c (X̃
o
, S̃). For any µ ∈ (0, λ), let D = Dµ be the self-adjoint extension





, S̃)‖·‖1 → H01 (X̃
o
, S̃)‖·‖1
where ‖ · ‖1 is the norm ‖ · ‖D̃,µ from Definition 3.7. Then for each s ∈ R, the wave
operator eisD has propagation ≤ s (in the sense of Definition 2.1), More precisely,
for every element f ∈ H01 (X̃
o
, S̃)‖·‖1 ,
supp(eisDf) ⊆ Ns(supp(f)) (A.3)
where supp(f) is the support of f and Ns(supp(f)) is the s-neighborhood of supp(f):
Ns(supp(f)) = {x ∈ X̃
o | dist(x, supp(f)) ≤ s}.
Proof. Given f ∈ H01 (X̃
o
, S̃), the family
ut = e
itDf
is a solution in [0, t0]× X̃
o




such that ut ∈ H01 (X̃
o
, S̃) for all t ∈ R. Therefore the family {ut} satisfies the
assumption of Proposition A.2. Now the result follows immediately from Proposition
A.2.
Another application of the standard energy estimates gives us the following corol-
lary (cf. [18, corollary 10.3.4]).
Corollary A.4. With the same notation as in Proposition A.3, suppose D1 and D2
are first-order symmetric elliptic differential operators acting on S over X. Let D̃1
and D̃2 are the lifts of D1 and D2. Without loss generality, assume the propagation
speed c
D̃j




for all f ∈ C∞c (X̃
o
, S̃) and j = 1, 2. For any µ ∈ (0, λ), let Dj = Dj,µ, j = 1, 2, be





, S̃)‖·‖1 → H01 (X̃
o
, S̃)‖·‖1
where ‖ · ‖1 is the norm ‖ · ‖D̃1,µ from Definition 3.7. Given a subset K of X̃, if D̃1
and D̃2 coincide on the δ-neighborhood of K for some δ > 0, then we have
eisD1f = eisD2f (A.4)
for all |s| < δ and for all f ∈ H01 (X̃
o
, S̃) supported in K.
Strictly speaking, the constructions ofD1,µ andD2,µ require two different Hilbert
space norms ‖ · ‖
D̃1,µ




, S̃). However, these two norms are







for all f ∈ H01 (X̃
o
, S̃), since both norms ‖ · ‖D̃1,µ and ‖ · ‖D̃2,µ are equivalent to the
norm on H01 (X̃
o
, S̃) given in Definition 3.3. So for preciseness, let us fix the Hilbert
norm on H01 (X̃
o
, S̃) to be ‖ · ‖
D̃1,µ
. Note that the operator D2,µ is still well-defined
with respect to the norm ‖ · ‖D̃1,µ. Although D2,µ is generally not self-adjoint
with respect to the inner product 〈, 〉D̃1,µ, it is a quasi self-adjoint operator, that
is, there is an invertible bounded operator A such that A−1D2,µA is self-adjoint.
In particular, the usual functional calculus for self-adjoint operators carries over for
the operator D2,µ in this case.
Proof of Corollary A.4. For every ε > 0, each f ∈ H01 (X̃
o
, S̃) that is supported in K
can be approximated arbitrarily well in ‖·‖1-norm by elements from H02 (X̃
o
, S̃) that
are supported in the ε-neighborhood Nε(K) of K. Therefore it suffices to prove the
equality (A.4) for all f ∈ H02 (X̃
o
, S̃) that are supported in Nε(K) for all sufficiently










isD1f and vs = e
isD2f.
Since f ∈ Dom(D1) , it follows that us ∈ Dom(D1). Similarly, vs ∈ Dom(D2). It
follows from Proposition A.3, together with the fact that D̃1 = D̃2 near K, that
47
D̃1us = D̃2us and D̃1vs = D̃2vs
47Here we view D̃1us and D̃2us as elements in L
2.
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for all small s. Note that
u̇s = iD1us = iD̃1us and v̇s = iD2vs = iD̃2vs,




‖us − vs‖2 = 〈u̇s − v̇s, us − vs〉+ 〈us − vs, u̇s − v̇s〉
= 〈iD̃1(us − vs), us − vs〉+ 〈us − vs, iD̃1(us − vs)〉 = 0.
Thus ‖us − vs‖2 is constant with respect to s. Since u0 = f = v0, we conclude that
us = vs for all small s. This finishes the proof.
Appendix B Roe algebras in terms of Sobolev spaces
In this section of the appendix, we shall give some details on how to define Roe
algebras in the context of Sobolev spaces.
As we have seen, a key new ingredient for the proof of our relative index the-
orem (Theorem A) is to work with self-adjoint or quasi-self-adjoint extensions of
symmetric operators on Sobolev spaces H01 instead of the usual L
2 Hilbert spaces.
On the other hand, the construction of higher indices we reviewed in Section 2 is ac-
tually carried out in terms of operators on X-modules, which are L2 Hilbert spaces
equipped with actions of C0(X) for some proper metric space X. Strictly speaking,
when X is a compact smooth manifold with corners and Xo is its interior, a Sobolev
space such as H01 (X
o) does not carry an X-module structure, since multiplication
by a continuous function of X does not make sense on H01 (X
o) in general. How-
ever, it is not difficult to adjust the various constructions in the L2-setting so that
they work essentially the same in the Sobolev space setting. For example, instead
of working with C(X), one could work with C1(X) when X is a compact smooth
manifold with corners. Here C1(X) is the algebra of C1-functions on X.
In the following, instead of striving for the most generality, we shall be only
concerned with the case that is the most relevant for this paper: X is a compact
Riemannian manifold with corners, S is a smooth Euclidean vector bundle over X,
and the Sobolev space is H01 (X̃
o
, S̃) where X̃ is a Galois covering space of X and S̃
is the lift of S. We denote by Γ the group of deck transformations for the covering
X̃ → X. For brevity, let us write H01 = H01 (X̃
o
, S̃). Then the algebra C1c (X̃) of
compactly supported49 C1-functions on X̃ acts on H10 by multiplication and Γ acts
on H01 through isometries.
48Here the norm ‖ · ‖ is the usual L2-norm and 〈, 〉 is the usual L2-inner product.




), where the latter consists of
C1-functions that are compactly supported in X̃
o
. An element of C1c (X̃) does not have to vanish
on ∂X̃.
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Definition B.1. With the above notation, suppose T is a Γ-equivariant bounded
linear operator acting on H01.
(1) The propagation of T is defined to be the following supremum
sup{dist(x, y) | (x, y) ∈ supp(T )},
where supp(T ) is the complement of points (x, y) ∈ X̃×X̃ for which there exists
f, g ∈ C1c (X̃) such that gTf = 0 and f(x) 6= 0, g(y) 6= 0;
(2) T is said to be locally compact if fT and Tf are compact for all f ∈ C1c (X̃).
We define the following analogue of equivariant Roe algebras in the Sobolev
space setting.
Definition B.2. With the same notation as above,
(1) we define C[X̃ ]Γ
H01
to be the ∗-algebra of Γ-equivariant locally compact finite
propagation operators in B(H01), where B(H01) is the algebra of all bounded
linear operator on H01;
(2) and define C∗r (X̃)
Γ
H01
to be the completion of C[X̃]Γ
H01
in B(HX) under the oper-
ator norm.
We have the following lemma.




∼= K ⊗ C∗r (Γ),
where K is the algebra of compact operators on a Hilbert space and C∗r (Γ) is the
reduced group C∗-algebra of Γ.
Recall that for the usual equivariant Roe algebra C∗r (X̃)
Γ as given in Definition
2.2, the isomorphism
C∗r (X̃)
Γ ∼= K⊗ C∗r (Γ)
is usually verified by choosing a fundamental domain for the action of Γ on X̃ and an
associated Γ-equivariant partition of unity on X̃ in terms of Borel functions (cf. [34,
proposition 5.3.4]). Such an approach cannot be directly generalized to our current
Sobolev space setting, since Borel functions generally do not act onH01 = H01 (X̃
o
, S̃).
To circumvent this difficulty, one possible way is to use C∗-Hilbert modules (cf.
Section 3.2).
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, S̃) with re-















for all f1, f2 ∈ C∞c (X̃
o
, S̃). Let K(H01,C∗r (Γ)) be the algebra of all compact adjointable
operators on the C∗r (Γ)-Hilbert module H01,C∗r (Γ). By the standard theory of Hilbert
C∗-modules, we have K(H01,C∗r (Γ))
∼= K ⊗ C∗r (Γ). On the other hand, it is not




K(H01,C∗r (Γ)) and ψ : K(H
0
1,C∗r (Γ)
) → C∗r (X)ΓH01 such that ϕ◦ψ equals the identity map





∼= K(H01,C∗r (Γ)) ∼= K⊗ C
∗
r (Γ).
This finishes the proof.





∼= K ⊗ C∗r (Γ).
In fact, as far as K-theory and the construction of higher indices are concerned, it
suffices to identify C∗r (X)
Γ
H01
as a C∗-subalgebra of K⊗C∗r (Γ). Here is an elementary
way to achieve such an embedding, which appears to be a little more geometric than
the C∗-Hilbert module approach outlined above.
An alternative approach: choose an open cover {Uj}1≤j≤N of X such that the
preimage p−1(Uj) of each Uj is a disjoint union of diffeomorphic copies of Uj, where
p is the covering map p : X̃ → X. Let {ρj}1≤j≤N be a smooth partition of unity
subordinate to the open cover {Uj}1≤j≤N . We lift {ρj}1≤j≤N to a Γ-equivariant
smooth partition of unity of X̃ . If we denote a specific lift of ρj by ρ̃j, then the
corresponding Γ-equivariant smooth partition of unity on X̃ will be denoted by
{ρ̃j,γ | γ ∈ Γ and 1 ≤ j ≤ N}, where ρ̃j,γ(x) = ρ̃j(γ−1x).
Consider the Γ-equivariant map

















where we have identified each diffeomorphic copy of Uj in p
−1(Uj) with Uj through
the covering map p. Furthermore, let us equip H01 (X̃
o
, S̃) with the following new















The new Sobolev norm is equivalent to the original Sobolev norm on H01 (X̃
o
, S̃).
Similarly, we also equip H01 (X,S) with a new Sobolev inner product associated to
the partition of unity {ρj}1≤j≤N . Then V becomes a partial isometry with respect to
these new Sobolev norms. Now the map T 7→ V TV ∗ defines an injective C∗-algebra
homomorphism from the equivariant Roe algebra C∗r (X̃)
Γ
H01
associated to H01 (X̃
o
, S̃)
to the equivariant Roe algebra R associated to
(
H01 (X,S)⊕· · ·⊕H01 (X,S)
)
⊗ ℓ2(Γ).
One easily sees that R ∼= K ⊗ C∗r (Γ). To summarize, we have embedded C∗r (X̃)ΓH01
as a C∗-subalgebra in K ⊗ C∗r (Γ).
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